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ABSTRACT 

Understanding the way farmers respond to risk is a 
prerequisite for sound agricultural policymaking. Clarifying 
established agricultural economic theory to describe how individuals 
make choices among risky alternatives and providing a more precise 
set of concepts for studying behavior under risk contributes to such 
an understanding. A mathematically rigorous approach ensures that 
concepts are defined unambiguously and results are established 
decisively*, and finds that individuals' preferences over an important 
class of risky alternatives are independent of preferences among 
certainties. Economic behavior under this type of risk cannot 
generally be predicted from behavior under certainty, farmers' 
aversion to risk, or lack thereof, cannot invariably be determined 
from the shape of their utility curve cf income. Farmers' 
profit-maximizing choices of production inputs may differ from those 
traditionally thought to be dictated by classical theory, even when 
preferences satisfy the explicit assumptions of that theory. Separate 
sections examine lotteries; the existence, uniqueness, invariance, 
continuity, and decomposition of measurable utility functions; 
aspects of measurable utility on the real line; definitions of risk 
aversion and its relation to concavity; and economic applications to 
optimal production levels under price uncertainty and optimal saving 
rates under uncertainty. (NEC) 
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ABSTRACT 

A mathematically rigorous approach to the subject of risk permits us to 
develop a more precise and unified set of concepts for amalyzing individuals' 
behavior under risk. The traditional method of measuring aversion to risk is 
not always waurranted. Individuals' behavior under certainty cannot always be 
used to predict their behavior under risk. Consequently, optimal saving rates 
and optiinal production input levels under risk may differ from those 
prescribed by traditional theory. 
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SUMMARY 



This roport clarifies the theory traditionally used in agricultural economics 
to describe haw individuals make choices among risky alternatives. It uses a 
mathematically rigorous approach to ensure that concepts axe defined 
unambiguously and results are estsOjlished decisively. It reveals a hidden and 
unnecessarily restrictive assumption in the traditional risk literature. It 
demonr*:rate8 that, when this eissumption is removed, the behavior of 
individuals under certain types of risk is not, as previously thought, 
entirely determined by their behavior under certainty. 

The theory of individual choice under risk begins with an economic agent faced 
with a set of risky alternatives and endowed with a set of preferences over 
these alternatives. In the classical "expected utility" theory, individuals 
are assumed to prefer one risk to another if they judge that, on average, its 
outccsie would be more beneficial. Agricultural economics applies this theory 
extensively. However, wmy claimed consequences of expected utility theory 
are actually derived frai another, hidden assumption: that an individual's 
preferences are ••continuous" in the sense that slight changes in alternatives 
do not lead to sharp changes in e3q>ected benefits. Eiqposing and removing this 
logically unnecessary assumption enables us to reinterpret the implications of 
the classical theory* 

Individuals' preferences over an in^wrtant clasb^ of risky alternatives are 
independent of their preferences among certainties, iftixxs, economic behavior 
unaar this type of risk cannot generally be predicted from behavior under 
certainty. For exainple, a knowledge of the "utility" (a kind of numerical 
rating) that farmers implicitly assign to veurious possible incomes is not 
generally a logically sufficient basis on which to predict their behavior 
under risk. Farmers' aversion to risk, or lack thereof, cannot invariably be 
determined from the shape of their utility curve of income. Moreover, 
farmers' prof itinaximizing choices of production inputs may differ from those 
traditionally thought to be dictated by the classical theory, even when their 
preferences satisfy the explicit Msumptions of that theory. 

Understanding the way farmers respond to risk is a prerequisite for sound 
agricultural policymaking. T.iis report contributes to such am understamding 
by clarifying established teaching aurna by providing a more precise set of 
concepts for studying behavior under risk. 
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Conceptual Foundations of 
Risk Theory 



Michael D. Weiss 



1 INTRODUCTION 

Risk is a pervasive influence in agrichilture. Indeed, agriculture is one of 
the few Industries in Which a crucial production input, weather, can neither 
be controlled nor predicted. The economic consequences of this fact, 
including the effects of the resulting price risk, are far reaching. 
Understanding the ways in which fanners and other paurticipants in the 
agricultural economy respond to risk is important to effective agricultural 
planning, policymaking, and analysis. 

For agricultural economists, such am understanding must be founded on a 
general theory of how individuals make choices under risk. But, risk is a 
subtle concept, and a theory of choice under risk cannot successfully undergo 
testing, revision, confirmation, amd ultimately enpirical application, if it 
is not thoroughly understood. This difficulty ac^lies as much to the 
currently uaed "expected utility theory" as it does to improved theories yet 
to be developed. 

The risk literature, particularly the less advanced literature, has not always 
been conducive to understanding. Discussions of risk have often relied on 
iJiqproperly defined concepts or concepts identified inappropriately with 
special cases. Some claimed results have depended on inc<^lete arguments. 
Overall, the risk literature hau9 not successfully conveyed a clear, conceptual 
view of risk theory that is comparable, for exanqple, to the established view 
of the foundations of consumer demamd theory. This report, will provide 
agricultural econoc\ists with the foundation for such a conceptual view of risk 
theory. 

The report investigates the concepto that underlie eiqpected utiJ.ity theory, 
the theory t'nat describes individuals faced with a choice among risky 
prospects as attempting to maximize their "ejected utility" (a numerical 
measure rating risks against one another). This theory is based on 
assumptions of transitivity, completeness, independence (see p. 14), amd 
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adherence to an "Archimedean" property (7, p. 292) for preferences under 

risk.'^ Horeover, as the report will demonstrate, most treatments of eiqpected 
utility theory and its application? have relied on an additional, hidden 
assumption of continuity of risk preferences. Previous writers have discussed 
the consequences of altering or omitting vaurious of these aissunqptions (for 
eicanple, see 3, 4, 7, 12, 13, 14, 15, 16, 21, 29, 42). 

©lis studv continues that line of inquiry by investigating the consequences, 
both theoretical smd practical, of omitting the 2U3Sumption of continuity. T^e 
results on continuity are psirt of a broader analysis aimed at clarifying the 
meaning and logical relationships of a variety of concepts in^rtant to 
eiqpected utility theory. 

we first eefine the notion of a "lottery," the formalization of the idea of a 
risky prospect, and draw the connection between conqpound lotteries amd 
convexity, we show how two textbook definitions of "lottery" can be 
interpreted in terms of our definition. 

we then define au)d examine roeaueiurable utility functions, utility functions 
that represent risk preference orderings auid that have a linearity property 
mimicking the conq^mtation of the expected utility of a lottery. We present 
new results on the intrinsic structure of measurable utility functions; we 
show that any such function cam be uniquely decomposed into a "discrete part," 
an "absolutely continuous part," and a "singular continuous part." 
Conversely, a meauiurable utility function is definable from such paits. These 
results give rise to a new type of discontinuous preference ordering that, in 
some economic models, allows preferences among "certainties" to be independent 
of preferences gsmong those "uncertainties" that are represented by continuous 
lotteries. Such orderings can represent beliavior in which choices among 
certainties are made within a different "frame of . reference" (i, 43) thaui are 
choices among "continuous uncertainties." 

We examine the use of functions on the real line to represent measurable 
utility functions defined on lottery spaces (amd thereby to represent the 
associated preference orderings of lotteries). We describe conditions under 
which a meauBurable utility function \i hats a "von Neumann-Morgenstern utility 
function" u on the r^al line that allows \i to take the "expected utility" form 



for each L in the lottery space. We also present new representation theorems 
showing that any function on the real line, even if discontinuous at every 
point, represents some meaisurable utility function auid thus some "rationa**" 
preference ordering of lotteries. These theorems are used to extend the use 
of discontinuous utility in modeling farmers' disaster outcomes (30) to 
include the Ccise in %irhich there is a riskless aisset. 

The concept of "risk aversion" is defined in a purely ordinal xaamner. It is 
shown that the widely claimed equivalence between risk aversion auxJ concavity 



1/ Italicized nuxnbers In paorentheses refer co literature cited at the end 
of this report. 
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of an underlying utility function of money holds in a %#eakened form for 
measurable utility functions Wher preferences are continuous, but fails in one 
direction, and '^appears'* to fail in the other, When preferences are 
discontinuous* In^lications for the empirical identification and modeling ot 
risk aversion are discussed* 

He conclude by esqploring the behavioral consecniences of the new type of 
discontinuous risk preference ordering within two risk models: one, a model 
of production with uncertain output price, and the other, a model of saving 
with uncertadj) interest rate, we show that. When the maurginal utility of 
money is greater under certainty than under "continuous" uncertainty (in a 
carefully circumscribed sense that muut be made precise), then (under 
additional routine assumptions) the optimal production level and the optimal 
saving rate will be lower than the corresponding levels obtained through 
traditional expected utility maximization* also indicate how economists 
can use our analysis to determine the optunal production level when a product 
price support is introduced, as with agricultural comnodities • 

Readers who master the concepts presented in this report should be much better 
equipped to understand newer research such as the seminal work of Machina (28, 
29). Moreover, they should be better prepared to conduct and evaluate 
empirical studies involving risk because they will have a precise and orderly 
Intellectual framework against %^ich to test the meaningfulness and validity 
of empirical arguments. 

VhB theory of choice under risk, dealing as it does with orderings 
representing individuals' preferences over spaces of cumulative probability 
dLStribution functions (see pp. 4-5, 7), intrinsically a highly 
mathematical subject. This report, there fore » contains a good deal of 
mathematics. However, the material should be accessible to maiiy agricultural 
economics researchers and students who have some knowledge of probability and 
real analysis, converts sets, and lineau: algebra. The main prerequisites are a 
familiarity with basic mathematical notation (especially that of functions and 
sets) and a willingness to do some haurd, rigorous thinking about risk. 
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2 LOTTERIES 



The theory of preferences under uncertainty concerns choices that individuals 
make when confronted with alternative risky prospects. These rislcy objects of 
choice are customarily called "lotteries"; this section is concerned with 
their definition, properties, and types. We will show how lotterieb. can be 
defined sis cumulative probability distribution functions and will describe the 
convention for representing compound lotteries that allows this definition to 
succeed. Several types of lottery are distinguished. »te develop the notion 
of a "lottery spac^" as a set of lotteries closed under the formation of 
compound lotteries and show that this closure property amounts to an 
auisumption of convexity. Wfe point out alternative, more general definitions 
of a lottery aB a probability meaisure or as an element of an abstract "mixture 
set.** we also contrMt our approach to the subject with those of two widely 
used microeconomics textbooks. 

2.1 Formalizing the Concept of Lottery 

A lottery may intuitively be conceived of as a game of chance in which various 
nrizes occur with preassigned probabilities. These prizes may be money or 
even other lotteries (that is, the opportunity to play other lotteries and 
receive their prizes). In the latter ceuse, one speaks of a "con^und" 
lottery . 

Consider the example oi a farmer who faces a probability p of a crop 
infestation and, hence, a probability 1-p of no infestation. If the first 
cause occurs f he/she faces a spectrum of possible profits depending, for 
example, on \Meather amd other unpredictable factors. In the second case, 
there is another (higher) spectrum of possible profits. In effect, with 
probability p, the famner receives one profit lottery ais a prize, and with 
probability 1-p, emother. This situation haz the form of a compound lottery. 

The intuitive concept of lottery used in economics is governed by an importamt 
convention: two lotteries are considered "equivalent" if they have the same 
sets of ultimate prizes occurring under the same probability laws, regardless 
of the processes by which these prizes are achieved. In short, the internal 
compound structure of a lottery is ignored. The objects of choice are not 
individual lotteries aa one intuitively conceives them, but, rather, are 
BquivQlmce classes of individual lotteries. 

It might at first appeair that one could define a lottery (or, more precisely, 
the corresponding equivalence clause) mathematically as singly a random 
variable whose possible values were the various ultimate prizes, those 
occurring according to the dejired probability law. However, the calculation 
of am overall ramdom variable to represent am enqpirical compound lottery in 
terms of its constituent sublotteries would be quite complicated. 'Rius, 
ramdom vauriables are not very convenient ats mathematical representations of 
lotteries. Rather, it turns out that cumulative probability distribution 
functions (c d.f.'s) are more tractable representations. 

Recall that, if X is a random varie^le on a probability space with probability 
measure P, then the c.d.f. F^^ of X is the function F^^: R [0,1] defined by 

Fj^(r) « P(X < r) for all r e R (where R is the set of all real numbers). F^^ 

contains all the probabilistic information inherent in X, but in a more 
convenient format. It can be shown to be: 

4 
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(1) NondecreauEiing on R, 

(2) continuous on the right at each point of aund to satisfy 

(3) lin F„(r) « 0 and lim F^(t) » 1. 



Conversely, if Fi R 10,1] is any function satisfying conditions (1) - (3), 
then there exists a random variable of which F is the c.d.f. Thus, the set of 
all c.d.f. 's is inerelv the set of all functions satisfying conditions 



Definition, h lottery is a c.d.f., that is, a function F: R [0,1] 
satisfying conditions (1) - (3). The set of all lotteries is denoted F. 

Note that, in general, a lottery need not have an expected value. 

Bearing in mind the distinction between the empirical concept of lottery and 
our mathenatical repsresentation of it, consider sun enqpirical compound lottery 
L that offers empirical lotteries and as prices with probabilities p and 

1 - p, respectively. Then, if the c.d.f. 's and C^ are taken to represent 

and L^, respectively, the c.d.f. pC^ f (l-p'yC^ will represent L. (Note 

that pC^ 4- {l-p)C^ is indeed a c.d.f.; this is readily proved by reference to 

the '•-^fining properties (l) - (3).) This simple relationship — the 
representation of compound err'^irical lotteries by convex comibinationa of 
c.d.f.* s — is central to the usefulness of c.d.f.' s as mathematical 
representations of empirical lotteries. 

Several important types of lottery aure now defined. 

Definition. For each r e R, define a lottery F by 



Then, F^ is called degenerate. The set of all degenerate lotteries is 
denoted P. 

A degenerate lottery is the c.d.f. of a constant random variable. F has the 

r 

prize r with probability 1. In enypirical work, degenerate lotteries may be 
used to repr resent "certainties." 

Defini-tion. h lottery F is called simple if it is a convex linear combination 

of degenerate lotteries, that is, if there exist a positive integer m, numbers 

^1 ' • • • '^m (^^^ necessarily distinct), auid nonnegative numbers p, , . . . ,P (not 
m 1 m 

necessarily distinct), such that 



(1) - (3). 



F (t) - 
r^ 




m 



euid 
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' - X, Vr. 



m 

4 - -i 

The set of all simple lotteries is denoted H. 



A siinple lottery has (with probability 1) finitely many prizes. 

Deftnttton. A lottery F is called diacrBte if there exist a sequence ('^j^)^^^ 

of (not necesssurily distinct) numbers auid a sequence (P^^l^^^^ (not 
necessairily distinct) nonnegative nunbers such that 

X Pi - ^ 

i**l 

00 

F « r p.P . 

±^1^ ^i 

The set of all discrete lotteries is denoted H . 

a 

Dsftnttton. A lottery F is called conttnuoum if it is continuous as a 
function on R and absolutely conttnuoua if there exists a Lebesgue integrable 
function f j R R such that 



F(r^ ) • F(r) * J f(t)dt 



Whenever r,r' c R and r < r* • 

(The use of the noif-atandard, but seemingly unaccountable, term "absolutely 
continuous** to describe the stated property is appsurently a vestige of an 
earlier period in the development of real analysis, %#hen the definition of 
absolute continuity for a function F wauei in the following vein: "For each 
« > O, there is a 6 > 0 such that 

a, < ^ < b2< ... < < 

inplies 



T !f(b. ) - f(a. )i < €." 
k«l 

This property was proved equivalent to the sort of integral condition that 
nowadays is usually taken as the definition of absolute continuity (see 31). ) 
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For an absolutely continuous the function f is unique and nonnegative 

almost everywhere and satisfies j f(t)dt « 1. in short, F is absolutely 

continuous if and only if it has a probability density function. 
Definition. A lottery F is called singular if f' equals o almost everywhere. 

Lottery Spagftg 

Different economic problems may involve different types of risk. Thus, 
economic agents may be confronted with different "choice spaces" of lotteries 
in different situations. Yet, although the need to consider a variety of 
choice spaces is well accepted in, for example, consumer demand theory, it has 
not been given much attention in the risk literature. 

What properties should a choice space of lotteries have? Expected utility 
theory (or the more generaLL "measurable utility theory" pursued in this 
report) imposes only one condition: that the choice space be "closed under 
the formation of compound lotteries." Eiqpressed mathematically, and in view 
of the previous discussion, this requirement is sisqply: whenever 0 < p < 1 
and the choice space contains and C^, then it must contain pC^ (l'-p)C^. 

Observe, however, that the set of all functions from R into R, endowed with 
the usual operations of addition/subtraction of functions and multiplication 
of functions by real numbers, is a vector space over R containing all 
lotteries as elements. Thus, the cited requirement can be restated as: the 
choice space (considered aB a subset of this vector space) must be convex* 

Definition. A lottery apace is a convex sev: of lotteries. 

One can readily verify that each of the following is a lottery space* the set 
of all (1) lotteries, (2) single lotteries, (3) discrete lotteries, 
(4) continuous lotteri^^s, (5) absolutely continuous lotteries, (6) singular 
lotteries, (7) lotteries with finite mean, and (8) lotteries that are c.d.f.'s 
of bounded remdom variables. 

In view of the iinportance of normal distributions to the subject of risk, it 
xs interesting that the set of all normal lotteries (that is, normal c.d.f.'s) 
is not a lottery space. To establish this fact by means of a counterexan^le, 
let F be the N(0,1) c.d.f. and f tho N(0,1) probability density function. 

Then, there is an x^ e R such that f(x^) < i/2(2tt)^^^. Let G be the N( 2x^^,1) 

c.d.f. and g the N(2Xq,1) probability density function. Now, if the c.d.f. 

(1/2)F + (1/2)G were normal, then its derivative, h - (l/2)f + (l/2)g, would 
be a normal probability density function. But this is impossible, since the 
inequalities 

h(0) - (l/?)f(0) + (l/2)g(0) 
> (l/2)f(0) 



« 1/2(2tt) 



h(x^) - (l/2)f(x^) + (l/2)g(x^) 



< Cl/4(2tr)^/^] + Cl/4(2Tr)^/^] 



l/2(2Tr)^/^, 



and 



h(2x^) - (l/2)f(2x^) + (l/2)g(2x^) 
> (l/2)g(2x^) 

« l/2(2Tr)^'^^ 

show that ^(Xq) is smaller than both h(0) and h(2x^), althou^ x^ lies between 

O emd 2x^. This argument establishes that the set of all normal lotteries is 

nrt convex • CRiis fact is certainly known in other contexts (10), but it has 
not been expressed clearly in the risk literature of economics. ) However/ any 
set of lotteries hart a convex hull. Since the convex hull of a set S equals 
the set of all finite convex cooibinations of elements of B (that is. 



{p^s^ p^s^ I new, p p^ € [0,1], E Pi * ^' 

i»l 

and s. , . . . ,s € S) , 
1 n 

%^ere M is the set of all positive integers), a lottery space, Co(S), may be 
constructed from any set S of letter ief (such as the set of all normal 
lotteries) by forming all finite convex combinations of lotteries in S, amd 
Co(S) is the smallest** lottery space containing S. 

Zxi Relationahi^p to Other Approaches 

Our definition of lotteries as c.d.f.*s contains the implicit aussumption that 
a lottery *s ultimate prises can be represented by real numbers. Indeed, if F 
is a lottery amd t is a real number, we auce interpreting F(t) aus the 
probability that the lottery will provide an ultimate prize in the interval 
(-00, t]. Thus, in our approach, the real line repritdents the set of possible 
prizes, atnd these prizes are presumed to be quantities of money or the like. 

It is possible, however, to define lotteries so that quite general types of 
objects are permissible as ultimate prizes. One such definition characterizes 
a lottery as a probability meausure defined on a meaisurable space (20) of 
prizes. To understand how this aiE^roach relates to our own, recall that there 
is a natural one-to-one correspondence between the set F of all c.d.f.*s F amd 
the set of all Borel probability measures m on R, given by 

ro((--ot>,t]) - P(t) (F € F, t € R) 

(see fl). For any c.ci.f. F, this formula determines a unique Borel probability 
measure m on the real lino (that is, in effect, on our set of prizes) that 
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contains the same probabilistic information as F, but in u difffsrent format. 
Clearly, the correspondence maps convex combinations of o.d.f.'a to convex 
' combinations of the corresponding measures; thus, Borel probability measures 
on R share the ability of c.d.f.'s to represent empirical compound lotteries 
conveniently in termif of their sublotteries* Mthough the use of point 
functions such as c.d.f.'s does offer computational advantages, ther<) would 
have been no coTicmptual baucrier to oir originally defining lotteries to be 
Borel probabilitY measures on R. Similarly, given a measurable space 
consisting of any objects considered prizes, one could define a lottery to be 
a probability measure on that space (see IB). 

hn even more general definition oi' luccery is implicit in Herstein amd Milnor 
(23). VhmzB a '^mixture set" is defined as any set of objects that are capable 
of being combined with one another, and with weights in 10,1], to form analogs 
of convex conibinations. Convex sets of c*d*f . 's and convex sets of 
probabili^ measures are subsumed as special cases* (See pp. 11-14 for a 
fuller discussion of this: important p2iper« ) 

Because many economists learn the fundamentals of the theory of behavior under 
uncertainty from microeconomics textbooks, it is instructive to examine how 
such works typically approach the subject of lotteries. Let us consider two 
widely used texts, Varian (44) and Henderson and Quandt (22). 

Varian does not define lotteries as specific mathematical entities, but 
instead characterises them through several axioms* All lotteries are aissumed 
to iiave only two prises (themselves possibly lotteries); a lottery with prizes 
X and y that occur with probabilities p and 1-p, respectively, is denoted 

p o X + (1-p) o y. 

Ttie axioms are: 

1 o X + ( 1-1 ) o y - X ( LI ) 

P O X + (1-p) O y - (1-p) O y + p O X ( L2 ) 

q o (p o X + (1-p) o y) + (i-Ki) o Y m (qp) o x + (1-qp) o y. (L3) 

Tlie intended interpretation of axiom (LI) is that "getting a prize with 
probability one is the same as getting the prize for certain." (L2) signifies 
that the order in which a lottery's prizes are specified is of no consequence. 
(L3>, the **compound lottery axiom," requires that the lottery whose prizes are 
p o X + (l-~p) o y and y (attained with probabilities q and 1 - q, 
respectively) be considered the same auB the lottery %#hose prises are x and y 
(attained with probabilities qp and 1-qp, respectively), in effect, this 
axiom stipulates that the internal structure of a lottery is immaterial; only 
the ultimate prizes and their probabilities of being attained are significant. 
Thus, (L3) is an axiomatic statement of the convention on representing 
lotteries by c.d.f . 's adopted earlier (p. 4). 

C.d.f.'s clearly satisfy the preceding characterization of lotteries. In 
fact, if we interpret p o x + (1-p) o y as the convex combination px + (l-p)y 
whenever x and y et^e c.d.f. 's and 0 ^ p < l, then any c.d.f. x can be 
expressed in tho "two-prize" notation asiox + oox, and equations (LI) 
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through (L3) reduce to trivially true statement 8 concerning the algebra of 
functions, namely: 



ix "f Oy « X 



px f (l-p)y - (l-p)y + px 



(L2') 



q(px 4- (i-p)y) + (i-<i)y ' qpK ^ (i-qp)y. 



(Similarly, probability meaaures defined on rieaisurable sets of prises satisfy 
equations (LI) through (li3).) Thus, there is no logical inconsistency between 
our definition of lottery amd the iRore general characterisation given in 
Varian (44). Nevertheless, using c.d.f.'e has some advantages. shall 
return to this point shortly. 

In Henderson and Quandt (22), as in V2u:ian, lotteries are not defined as a 
knoim type of mathematical object, but are chaoracterized axiomatically. Only 
one axiom, an auialog of the compound lottery axiom described above, is given. 
Attention again centers on lotteries having only two prizes; a lottery with 
prizes A, B (and corresponding probabilities p, 1-p) is denoted 



Just as Variants p o x -f q o y nay be interpreted sis the convex combination 
px + (l-p)y of the c.d.f.'s x and y, Henderson and Quamdt's (p,A,B) may bo 
interpreted as t!. convex coRibination pA + (1-p^P whenever A and B are 
c.d.f. *8 and 0 < p < 1. (In particular, when A and B au:e money prizes (and 
thus represented in our aipproach by degenerate c.d.f.'s), (p,A,B) may be 
interpreted as the c.d.f. pF. + (l-p)F_, which (under the auisuroption that 

A < B) is a step function F given by 



A similar remark holds for Variants P^x-fqoy. ) 

Economists generally believe that axiom systems for behavior under risk beuied 
on abstract chauracterizations of lotteries (22, 23, 44) imply such stamdard 
results as the propositions that individuals act to maximize their ei^ected 
utility (of, say, income) or that risk aversion is equivad^ent to concavity of 
the utility function of (say) income, we will show, however, that these 
results require an additional, assumption. The assuiqption that preferences are 
continuous, inc>osed on a choice space of c.d.f.'s., will prove sufficient (see 
also 18). Tt\±B assun^ion is meaningful when lotteries aire defined as 
c.d.f.'s, since the set of atll c.d.f.'s has a naturad. topology, the "topology 
of weak convergence." In contrast, the abstract chau:au:terizations of 
lotteries do not provide for any topological structure on the choice space. 
Under these chaoracterizations, am auisusy^tion of continuous preferences is 
ines^ressible, amd the stamdaurd results may fa\l. 



(P,A,B). 



F(t) « p 



0 



1 



if V < A 

if A < t < B 

if B < t. 
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3 MEASURABLE UTlhTJY FUNCTIONS 



Although eiq)ected utility theory may be considered to have begun with Cramer 
(9) and Bernoulli (6), it was not until the appearance of von Neumann and 
Norgenstem's pathbreaking study (45) that economists succeeded in their quest 
to find some rational basis for the intuitively appealing principle that 
individuals faced with a choice among risky prospects attempt to maximize 
their "^expected utility." Taking as given a preference ordering of lotteries 
satisfying several plausil>lv3 axioms, von Neumann and Morgenstem showed that 
one can define a numerical-valued function ^ of lotteries so thatt 

(1) > ^(1*2^ ^ ^"^y \ " strictly preferred to h^, and 

(2) ^x(pL^ + (l-P)!'^) • P*^<^3^) <1'"P)m(I'2) whenever L^and are in the choice 

space and 0 < p < 1. Condition (2) is a lineaucity property reminiscent of 
taking expected values. Functions satisfying (1) and (2) are called 
m0Q9urabtm uttltty functtona. 

Following the simplified and generalized approach of Herstein and Milnor (23), 
we now present basic definitions and sketch the proof of existence of 
nsasurable utility functions. We establish the properties of uniqueness and 
invariance and relate these properties to the historical controversy over 
whether measurable utility is an ordinal or cardinal measure. He define 
continuity (including continuity of preference orderings) and use a result of 
Grandmont (la) to establish that any risk preference ordering representable by 
a discontinuous measurable utility function must itself be discontinuous. 
Finally, we present new results on the decomposition of measurable utility 
functions • 



The Herstein--Milnor proof of the existence of measurable utility functions is 
based on the abstract concept of a '^mixing operation,** a mathematical device 
reminiscent of the process of constructing a coitgpound lottery out of two 
lotteries and a pr<d>ability. Recall that, if x and y are lotteries and 
O ^ p < 1, then px + (l-p)y is often termed a "probability mixture" of x and 
y. In this context, a function that maps each p, x, and y to px + (l-p)y is 
the prototype of a mixing operation. Although this particular type of mixing 
operation is of greatest concern to us, Herstein and Milnor actually prove the 
existence of a measurable utility function for a wide class of mixing 
operations. Indeed, the objects being mixed do not even have to be lotteries, 
although lotteries aire a particular (and important) case. Thus, the 
Herstein^lilnor approach reveals that von Neumann and Morgenstem 's 
"measurable utility theorem" is but a special case of a very general result. 

We now present the formal definition of a mixture space t 

Deftnttton. Let S be a set and Mt [0,l]xsxs-»Sa function such that the 
following properties hold for all a,b € S and al?; k,X € [0,1] i 



3 . 1 Existence 



M(l,a,b) « a 



(!•) 



M(X,a,b) » M(l-X,b,a) 



(2-) 



M(K,M(x,a,b),b) « M(KX,a,b). 



(3-) 
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Then, (S,M) is called a mixture space, M a mtxing operation on S, and S a 
mixture set with mixing operation M. 

This general concept of a mixture space becomes more familiar under the 
following notational convention: given a mixing operation M on S, any 
a,b € S, and any A € [0,1], use the symbol -Aa f (l-A)b- to denote M(A,a,b). 
In this notation, the symbcls "Aa" and "(l-A)b'' need not themselves be 
assigned any algebraic meaning; that is, these conqposite symbols are not 
necessarily intended to denote the result of any mathematical operation* 
Similaurly, the symbol should not necessarily be interpreted as having any 
meaning in itself, such as summation. Rather, given A, a, and b, it is only 
the undivided syinbol "Aa + (l-A)b" to Which meaning is here being attached — 
namely, as an alternate means of denoting the function value l4(A,a,b). Under 
this convention, properties (1') - (3') resqppesu: as 

la + (l-l)b » a (1") 

Aa + (l-A)b » (l-A)b + Aa (2-) 

KCAa + (l-A)b] + (l-K)b » (KA)a + (l-KA)b. (3-) 

rtxB suggestivenecs of the notation "Aa + (:-A)b*' and of the properties 
(1-) - (3") (Which read like the properties (LI' ) - (W ) of lotteries 
(p. 10)) is, of course, no 2u;cident, for an important example of a mixture 
space is furnished by any lottery space S paired with the probability mixing 
operation that maps A € [0,1] and lotteries a,b € S to the lottery 
Aa + (l-A)b € S. "nius, althou^ Herstein and Milnor prove their general 
results without ascribing any algebraic meaming to the notation "Aa + (l-A)b", 
this notation does coincide with stamdard algebraic notation, and can be 
interpreted algebraically, %#hen the mixture space consists of a lottery space 
with probability mixing. Henceforth, Whenever we treat a lottery space as a 
mixture set, the use of probability mixing will be implicitly assumed. (For 
other applications of the concept of a mixing operation, such as to color 
vision, see 19« ) 

Definition. Let S be a set on Which is defined a complete weak preference 
ordering (that is, a coraplete transitive relation), fc. Trtie corresponding 
strong preference ordering, >, is defined by: 

a > b if and only if a ^ b and not b ^ a. 

Hie corresponding indifference relation, is defined bys 

a b it and only if a ^ b amd b ^ a. 

We call (3,^) a preference space. 

Definition. iJBt (S,^) be a preference space. A function S R is called 
order-preserving (with respect to t) if, for any a,b € S, one has ^(a) > M(b) 
if and only if a > b (or, equivalently, ^(a) > /x(b) if and only if a It b). 

Definition. Let (S,M) be mixture space. A function vt S R is called 
linear if, for all a,b € S and all A s [0,1], 

v/(M(A,a,b)) » M(A,v(a),v/(b)), 
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that ia, 



w(Xa + (l-X)b) » xw(a) + (l-X)v/(b). 



The preceding notion of linearity should not be confused with linearity for a 
vector-space napping, although the two notions are closely related. The 
notion used here may be motivated by the fact that a real-'yalued function 
defined on an interval of the real line satisfies the second formula given in 
the definition if and only if it is both concave and convex, and the latter 
condition holds if and only if the graph of the function is a segment of a 
straight line. (Such a function is linear in the vector-space sense if aind 
only if its domain is the entire real line and its graph contains the origin.) 

Definition, l^t S be a set with a complete weak preference ordering t and a 
mixing operation M. we call (S,2:,M) a preference mixture space. A linear, 
order-preserving function on S is called a measurable utility function. 

The central question addressed by Herstein and Milnor is that of the existence 
of a measurable utility function on a set s. In the situation of roost concern 
to us, S is a set of lotteries and M is the probability mixing operation on S. 
Herstein and Milnor* s main result (23) ist 

Theorem 1. Suppose (S,i:,M) is a preference mixture space for which the 
following assumptions hold: 

(1) For any a,b,c € S, the sets {a € [0,1] | aa + (l-a)b t c) and 
{a s [0,1] I c i: aa + (l-a)b} are closed; and 

(2) For any a,a*,b € S, if a a*, t^hen 

(l/2)a + (l/2)b - (l/2)a* + (1/2 >b. 
Then, there exists a measurable utility function on S. 

For a detailed proof, see Herstein and Milnor (23). However, the intuition 
underlying the construction of a measurable utility function on S is as 
follows: given a > b, consider the "interval" 

^ab ' {3^€S 1 ahxiib}. 

It is first proved that, for each x € S . , there is a unique element m w(x) of 

ao ao 

[0,l] such that 

x~M3j,(x)a + (l-M^(x))b. 

(This result is amalogous to the simple fact that, if a, x, amd b are real 

numbers for which x e [b,a], then there is a unique n (x) e [0,1] such that 

aD 

X « ,i^i^)a. + (l-M^(x))b.) 

Of course, MgQ^(x) is determined not only by x, but by a and b aB well. To 
arrive at a method of assigning a "utility value" to x alone, one now selects. 
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and henceforth •'holds fixed," two elements r^, r^^ of S satisfying ^ ^q* 
Then, gi 
defines 



Utien, given any x € S, one chooses amy a,b € S for which x,r^,r^ € and 



It cam be shown that, if also a',b' € S are such that x,r^,r^ € S^.jj.* then 

Thus, N . (X) depends only on x and not on which particular a,b axe chosen, and 
ax> 

it can be denoted The function /is S R thus defined can be shown to be 

linear and order-preserving, hence a sneausiurable utility function on S. 

Examining the above reasoning in the context of real nuinbers may provide 
additional insight. For real nuinbers a > b with x € Cb,a], one easily 
calculates that 

'^ab^*^ * (x-b)/(a-b). 
Given r^ > r^ and assuming x,r^,r^ e Cb,a], one finds that 

•*ab^*> " [(x-b)/(a-b) - (r^-b)/(a-b)]/[(r^-b)/(a-b) - (rQ-b)/(a-b)], 

tihich does not depend on a or b. Thus, in this case, 

M(x) - (x-r^)/(r^-rQ). 

Note that pi is order-preserving with respect to the relation > on 
Furthermore, ^ is lineau: on R with respect ♦'o the mixing operation M' der.ined 
by the ordinary algebradc formula 

M'(a' ,a' ,b' ) « a'a- -f (1-a' )b' . 

In fact, 

|i(a'a' + (l-Kx')b') - C(a'a' + (l-^')b') - ^ol/Cr^-r^l 

* a'(a'-r^)/(r^-rQ) + (l-a- )(b'-r^)/(r^-rQ) 

* a'/i(a') ^ (l-a')M(b'). 



When S is a lottery space, condition (2) of Theorem l is known in various 
forms as the ••independence axiom." Its interpretation is that, if a, a', amd 
b are any lotteries and an individual is indifferent between a amd a', then 
he/she is indifferent between the compound lottery offering prizes a and b, 
each with a 50-percent probability, and the compound lottery offering prizes 
a' and b, each with a 50-percent probability. 
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3.2 Ilhtau#nii«ai and Invariance 



Although Herstein and Mllnor (23) address the question of the 0xtat0ncm of a 
measurable utility function, they do not eiqplicitly consider the untquBnmas of 
such a function* We nov address this issue, following varian's approach (44), 
but filling in some gaps in his treatment* 

We begin with the following result, which, although basically well-known, is 
a{%>arently often confused with the "^invariance property" (see p. 17 )t 

PropoattifOn 1. Let ^ and v be order-preserving functions on a preference 
space (S,ib)* Vtxen, there exists a unique function 

ft Range (v) ^ Range (m> 

such that 

li » f o 

Horeover, f is increasing* (Note: Here and in the remainder of this report, 
««o«« has its usual meaning of cccnposition of functions.) 

Proof. Given any r e Range (v), choose any a e i/""\r), and put 

f(r) « M<a). 

Note that f is a well-defined function, since, if a, a' € v^^(r), then 
v(a) « r « v/(a'), from which it follows that a - a' and ii(9i) « M(a')» 

Furthermore, m - f ^ w, since, for any a € S, we have a e w'^^(w(a)), so that 

M{a) « f(w(a)). Clearly, f is unique, for if also M ■ g v, then 

O ■ (f-g) o V, so that f and g agree on Range (v). Finally, f is increasing; 

for, suppose r,r' e Range (v^) and r > r' . Then, there e cist a,a' e s such 

that v(a) « r smd v(a* ) « r' . Necessarily, a > C , so that 

f(r) - M(a) > M(a') - f(r»). 

For measurable utility functions, the range aissumes a particularly simple 
foms 

Propoattion 2. Let m be a lineaur function on a mixture space (S,M). Then, 
Range (m) is am interval. 

Proof, consider any r,r* € Range (^), x € [0,1]. We have r - M(a). 
r' « /i(a' ) for some a,a' e S. Then Xa + (l-x)a' e S and 

M(Xa + (l-X)a') r. XM(a) + (l-X)M(a') 

* Xr + (l--X)r' 

€ Range (|i)* 

To Characterize the function f of Proposition l when m and u are measurable 
utility functions, we 3hall need the following s 
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Deftnition. Let S be a subset of R. A function As S ^ R is called affiM on 
S if there exist a,b e R such that, for all x g S, 

A(x) ax + b. 
If S « R, such a function is tjalled siiqply affine. 

Lenma i. Let S be ain interval in R. Then, a function A: S R is affine on S 
if auid only if, for any x,y € S, p a [0,1], 

A(px ^ (l-p)y) - pA(x) + (l-p)A(y). 

Proof. If A is affine on S, a sixnple calculation shovrs that the above formula 
holdtf. To prove the converse, assume that this forroula holds and (without 
loss of generality) that S contains more than one point. Consider any c,d € S 
with c < d. For amy w € [c,d], it is esisy to show that 

w « t c -f (1-t )d, 
w ^ w 

where t^ « (w-d)/(c-d). Since t^ e [0,1], it follows that 

A(w) - t^A(c) + (l-t^)A(d) 

- t^(A(c)-A(d)) + A(d) 

- w(A(c)-A(d))/(c-d) + (cA(d)-dA(c))/(c-^>, 

so that the restricted function A [c,d] is affine on [c,d]. However, it is 
eaisily shown (for example, by differentiation) that the coefficients of 
A|[c,d] aire the same over all intervals [C/d] c S. It follows that A is 
affine on S. 

Q.E.D. 

We can now prove the following: 

Theorem 2. Suppose ^ and u atre measurable utility functions on a preference 
mixture space (S,h,M). Then, there exists an increaising affine transformation 
A such that 

|i « A o u. 

(That is, "a measurable utility function on (S,fc,M) is unique up to an 
increasing affine transformation".) 

Proof. By Proposition 1, there is am increaising function 

fj Range (w) Ramge (^x) 

such that » f o Consider amy c,d e Range (u), p € [0,1]. We have 
c = i/(x) and d « v/(y) for some x,y € S. Thus 



f(pc + (l-p)d) - f<pv/(x) + (l-p)w(y)) 
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- f(w(px + (l-p)y)) 



- M(px + (l-p)y) 

« p*i(x) + <i-p)Ai(y) 

- pf(w(x)) + (l--p)f(w(y)) 

- pf(c) + (l-p)f(d). 

It follows by Lemna 1 that f is affine on Range (w). Since f can clearly be 
extended to an affine transformation, the theorem is proved. 

Coi^llary. Suppose ^ and w are measurable utility functions on (S,i,M). 
Then, %#henever \*^2'^l'^2 ^ ^ ^md y^ 7* y^, 

l^(x^)-^ix^)m^iY^)-^(Y^)] « [w(X2)-w(x^)]/[w(y2)-w(y^)]. 

(Intuitively, the ratio of utility differences depends only on (S,i,M) and the 
lotteries chosen, not on the choice of measurable utility function. ) 

Proof. Obvious. 

In addition to being unique up to an increasing affine transformation, 
measurable utility functions axe also tnvartant under increasing affine 
transformations t 

Thmorem 3. If ^ is a measurable utility function on (S,]t,M) and A is an 
increasing affine transformation, then ^i. o ^ is a measurable utility function 
on (S,fc,M). 

Proof . Obvious . 

*niough apparently often confused with one another, the concepts of 
"uniqueness and "invariance" for utility functions are, in a certain precise 
sense, exact opposites. To ejdiibit this relationship in the case of 
measurable utility functions, let (S,i,M) be a preference mixture space, and 
let U be the set of all measurable utility functions on (S,^,M). Define a 
set-valued function, T, on U as follows: for each ^ € U, T(^) is the set of 
all transforms of ^ by increasing affine transformations; that is, 

T(^) - {A o ^ I X is increasing and affine). 

Then, invauriance means: 

for each ^ € u, T(^) c u, 

while uniqueness means: 

for each ^ € u, U c T(^). 

Aoctlier source of much confusion in the literature has been the question of 
Whether "measurable utility** is an ordinal or cardinal measure (see 22, p. 52; 
5, 17). A cofiqplete chauracterization of meauBurable utility ais a "meausurement 
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dttvioe*" is provided by Ttisorms 2 and 3, which iiqply that, ir the language of 
modern neasurenent theory, measurable ut;ility defines an "interval scale" (see 
36 for the requisite background in naasurement theory). 



continuitji 

nie question of When a measurable utility function is continuous presupposes 
that the ^aeaning of continuous,*" as applied to a function Whose domain is a 
set of lotteries, is understood, h full consideration of this topic vrould 
involve general tqpology. Hdiiever, a less abstract approach using the notion 
of a **metric space** will suffice for our purposes. 

The concept of the continuity of a function f at a point may be es^ressed 

informally and heuristically by the requirement that, whenever x approaches 
x^, f(x) approaches f(3C^)* When the context admits of some appropriate notion 

of distance, this characterisation may bo re-expressed asi Whenever the 
distance between x and x^ aqpproaches 0, f(x) approaches f(x^)* We now 

introduce formally the notion of a ''distance function" or "metric." 
D0ftnitU>n. Let S be a set and d: S x S 10, co) a function satisfying: 

(1) For all a,b € S, d(a,b) « 0 if and only if a « b; 

(2) For all a,b € S, d(a,b) - d(b,a) ("symmetry"); and 

(3) For all a,b,c € S, d(a,c) < d(a,b) + d(b,c) (the "triangle 
inequality** ) . 

Vhen, d is called a metric on S emd (S,d) is called a metric spac^. 

2 

As am example, a metric d^ on R cam b<» defined by 



^l[<^l'^2>'<^'«2>] - f< V«l>' " < V«2>'l 



1/2 



2 

for any (rj^,T^),(By^,B^) s R . This metric corresponds to the usual notion of 
the distance bet%#een two points in the plane. 

Now, there is perhaps no unoediately obvious notion of tho "distamce" between 
two lotteries. However, it can be shown that there exists a metric, d, on the 
set F of all lotteries, having the property that, for amy lottery L amd any 

sequence of lotteries, one has d(L^,L) 0 ais n oo if amd only if 

{L^}^^ conuer^^es weakly to L (II, p. 285). (Recall that weak convergence of 

{L )^ , to L means that, for each point t of continuity of L, lira L (t) = 
n n*.T. n 

n^ 

Ij<t). weak convergence defines a natural topology on F.) This correspondence 
between weak conv-^rgence and a notion of distamce motivates the following: 
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DBftnttton. Suppose S is a set of lotteries, iii S R is a function, and 

€ S. Ttxen, ft is continuous at if, whenever (I^j^l^^j^ is sequence of 

elements of S that converges weakly to L^, one has |i(L^) |i(LQ) as n »• If 

M is continuous at L for each L e S, m is called continuous. Horeover, a weak 
psreference ordering It on S is called continuous (and we may speak of 
"continuous preferences**) if there exists a continuous order-preserving 
function on S representing 

Deftnttton. if s is a lottery space and (S,Jt) is a preference space, we call 
(S,lt) a lottery preferencB Bpac0. 

Th0or0m 4 (18). Let (S,t) be a lottery preference space. Ttien, there exists 
a continuous order-preserving function on (S,t) if and only if 

(1) For any € S, the sets {L e S | L i L^} and {L € S | i L} are 

closed in S. (For the set {L € S | L It L^}, for example, this means 

thatt for any sequence of lotteries L satisfying L i for all n 

n no 

and converging weakly to a lottery L, one has L It L^. ) 

Moreover, there exists a continuous measurable utility function on (S,!t) if 
and only if, in addition to condition (1), the following condition holds s 

(2) For any 1*3^/^2'^ e S and any t 6 [0,1], if - L^, then 

tL^ f (l"t)L^ ^ (l-t)L^. 



For the proof, see Grandmont (18). (Note that Grandmont uses the more general 
definition of a lottery as a probability meausure. ) 

At various places in this report, we will want to be able to conclude that a 
preference ordering reprenented by a discontinuous measurable utility function 
is itself discontinuous. What will justify this assertion? After all, in 
general, the mere existence of a discontinuous order-preserving function 
certatinly does not imply that the corresponding preference ordering is 
discontinuous. (Indeed, given any continuous preference ordering, one can 
always construct a discontinuous order-preserving function for it by composing 
one of its continuous ojrder-preserving functions with a discontinuous 
increasing function from R into R. ) However, meaisurable utility functions 
enjoy the following distinctive property: a preferBncB ordBrtng having a 
discontinuous meaaurdblei utility function rmat be <riscontlnuous. In fact, a 
prefarence ordaring representad by a mBOBurdblB utility function Is continuous 
if and only if each of its measurable utlMty functions is continuous. 

To prove these cladms, recall that, by Theorem 2, aai measurable utility 
functions on a lottery preference space (S,i) are transforms of one another by 
increeising affine transformations. Thus, whenever one is continuous, all are 
continuous. Suppose there exists a discontinuous measurable utility function 
on (S,lt). Then, all meauiurable utility functions on (S,lt) niust be 
discontinuous, and it follows from the second half of Theorem 4 that either 
condition (1) or condition (2) of that theorem must fail. But condition (2) 



19 

24 




holds, since iS,i:) has a iiieasurable utility function* Thus, condition (1) 
must fail, and it follows from the first half of Theorem 4 that (S,t) has no 
continuous order-preserving function; that is, ^ is discontinuous. 

3uA Pecomppgitipn 

We will now prove a structural decomposition theorem for measurable utility 
functions defined on a xottery space* We will see how such a function may be 
broken down into a '^discrete part,- an absolutely continuous paurt," and a 
"singular continuous part.- This result will further our understanding in 
three respects. First, it will reveal esqplicitly the separateness of an 
economic agent's behavior toward discrete lotteries (and thus toward 
degenerate lotteries, which represent certainties) and that agent's behavior 
towaaxi continuous lotteries ("continuous uncertaintj.es-) when this behavior is 
represented by a measurable utility function, it will thereby provide — for 
some situations — a theoretical rationale for the related conjectures t 
(1) that individuals use a different frame of reference (1, 43) when choosing 
under certad^nty than when choosing under certaun forms of uncertainty amd (2) 
that individuals • risk preferences are discontinuous. Second, this result 
will show how a meaisurable utility function relates to known classes of 
lotteries that may lend themselves to econometric amd statistical 
applications. Third, it will suggest a new, camonicaa method of constructing 
raeasuraOjle utility functions (a method that we shall use,, implicitly, in 
sections 4-6 of this study). fHiis new method will reve^ the existence of an 
entirely new claiss of discontinuous preference order ings under uncertaiinty; 
previously, the property of discontinuity had af^paurently been associated only 
with lexicographic orderings (16, 21, 28, 42), and then rather tenuously. 

Although matBurable utility functions remaiin our basic concern, %^ will state 
and prove the deccinposition theorem for itnmar functions, as the decomposition 
depends only on the atlgebraic structure of the function. However, any 
increase in generality is only apparent, because a lineau: function ^ on a 
lottery space $ is automat icaaiy a measurable utility function on (S,^ ), 

where i is a conyplete trams it ive relation on S defined by 

^1 ^2 ^^^^ **^^1> ^ **^S> (^'^2 ^ 



The decomposition of linear functions on lottery spaces will be seen to be 
rooted in the decomposition of the lotteries themselves. Thus, we begin with 
some remarks about lotteries amd their decompositions. Details and further 
background may be found in (8, 31). 

Any discrete lottery is oingular (8, p. 12). we shall be interested, however, 
only in those singular lotteries that are continuous, of which a claissic 
example is the Cantor distribution (il, p. 141). The sets of all singular 
continuous, absolutely continuous, amd discrete lotteries, respectively, are 
convex and pairwise disjoint. 

Nov, it is well-known that, for any lottery L, there exist P3^/P2'P3 ^ [0,1] 
and lotteries L^, h^, that au:e, respectively, discrete, absolutely 
continuous, and singular continuous, such that 
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and 

The numbers p^, p^, p^ are unique. Although L^, L^, are not generally 

unique (for example, if L is discrete, then P^ - P^ « 0, and L and may be 

2 3 2 3 

arbitrary absolutely continuous and singular continuous lotteries, 

respectively), the deconqposition is unique in the sense that the product 

functions Pj^^i ^2^2' ^3^;^ unique. These functions may be viewed 

naturally as the (uniquely determined) discrete, absolutely continuous, and 
singular continuous paa±s of L. 

HoDiever, unless p^ - 1, p^L^ will not be a c.d.f.; thus, a linear function m 

that may be defined at L will not generally be defined at P^"^^* To achieve a 

convenient decoinposition of ^, we will need to extend th<» domaiin of ^ to 
contain all the above parts p^L^ of each lottery L at v^ich ^ is defined. To 

facilitate this process of extension, we eissume that, whenewjr ^ is defined at 
L, it is also defined at each for Which p^ 0. (Note that p^ y 0 if and 

only if L. is unique in the obvious sense. In fact, if p.L. « q.M. and p. 

0, then, since 

p^(lim L^(t)) - q^(lim M^(t)), 
t-^ t-^ 

we obtain p^ * q^ ^ 0 and, therefore, * M^. The converse is obvious. ) 
We will now maXe these ideas more precise. 

Deftnttton. A function K: R [0,1] is called a subdtstrtbutton function 
(B.a.f. ) if: 

(1) it is nondecreaising; 

(2) lim K(t) - 0; and 

(3) it is right-continuous at each t e R. 



One can easily verify that K is an s.d.f. if and only if there exist a lottery 
F and ape [0,1] such thct K « pF. The number p is unique (in fact, p * 
lim K(t)). Moreover, F is unique unless K is the zero function, 
t-^ 

DBftnitton» An s.d.f. K is called discrete (respectively, absolutely 
continuous, singular continuous) if there is a p e [0,1] and a discrete 
(respectively, absolutely continuous, singular continuous) lottery F such that 
K - pF. 
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Vhm Mts of all nonsero m.A.t.'n that arm, raapactivalyt (i) discrete, (2) 
absolutely continuous, (3) singular continuous, are pairwise disjoint (where 
'*nonsero'* smm ••not the xero function^^ ) . Note that it follows from our 
definitions that the sere function is a discrete, absol'«tely continuous, and 
singular continuous s.d.t. Allowing this ^•degenerate'* case will simplify our 
i#ork. 

I?e can now reformulate our description of the decomposition of a lottery as 
follows! 

PropoBttion 3. If K is any s.d.f., there exist unique s.d.t.'s K^^, K^, 
such that is discrete, is absolutely continuous, is singular 
continu^*>us, and 

K - K + K + K. 

12 3 



Notation. If S is any set of lotteries, we define as the convex hull 

(with-sji the vector space over R of all functions from R into R) of S u (0) 
(Where •*0** denotes the zero function on R). 

Gbserve that a set S of lotteries is einpty if and only if 

and is nonenpty if sufid only if 

« {Pl- I P € [0,1] and L e SJ. 

•the sets of all (1) s.d.f. 's, (2) discrete s.d.f. 's, ^3) absolutely continuous 
s.d.f. 's, and (4) singulsu: continuous s.d.f. 's are o^ the latter form. 

Ncta^^ton* For siJi^licity, we denote by S , S , S the sets of all lotteries 

X ^ O 

that are, respectively t (i) discrete (so that " W^)' (2) absolutely 

continuous, (3) singular continuous. Accordingly, S, , S_ , are the sets 

2* ^* 

of all s.d.f* *8 oC th respective types. 

DBftnttion. Let S' be a conve:^: -*et of s.d.f. *s. A function |x«t S' R is 
called Unear if, for any p € [0,1], ^^i^2 ^ S', we have 

^'(pKj^ ^ (1-P)K2^) - pu'(K, ) f (l-p),i'(K2). 

Thmorm 5. Ijet ^ be a linesu: function on a lottery space S. Then, |x has a 
unique lineau: extension on satisfyirg 

that is, there euists a unique linear function on such that 
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Proof. If s i» eapty, then n is necessiirily the empty function* in this 
case, " {0}, and the «ero function on is the unique linear extension of 

H taking sero to zero* Suppose, then, that S is not empty. Relying on the 
chairacterixation of described earlier, define 

M^(PI') - puih) 

%fhenever p e [0,1], L e S. Note that is well-defined on s^, since either 
PL « 0, in Which case p » 0 and ^^(pL) « o, or pL ^ 0, in which case p and L 
are uniquely determined by pL. Furthermore, is linear. To establish this 
point, consider any K^/Kj ^ ^* ^ ^ and put 

2 - oK^ + (l-a)K2- 

Of course, - p^L^ and - p^h^ for some p^,P2 € [0,1], ^,1^^ S. Now, if 
2 « O, then op^ « (1-^)P2 « 0, so that 

Suppose, then, that 2 5^ o, and put 

2^- op^ + (l-a)P2. 

Since 2 e (0,1], we have 

00 

- Z„[(ap^/Z„)»i(L^) + ((l-«)P2/Z^)*i(L2)] 
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Finally, me uhow that ii^ ±m unique* Suppose that ii^ is any linear function on 



such that ^*(0) « 0 and jji*|s « ii. Itien, for any p € [0,1], L e S, we have 

tiHPL) « ^*[(1-P)0 + pl] 

- (1-P)^*(0) + p^*(L) 
« 0 f pML) 

fRius, 

Notation* Given amy linear function ^ on a lottery space S, will continue 
to use the "stau: syoabol** to denote the unique linear extension to S^. 

Theorem 5 amounts to the assertion that the napping that takes w on to its 

restriction w|s is a one-to-one correspondence from the set of all linear 

functions u on satisfying i/(0) « 0, onto the set of all linear functions on 

S* In fact, the mxtstencB of an extension for e^ch lineair ^ on S anciunts to 
the fact that the correspondence is onto, %rtiile the untqumneas amounts to the 
fact that the correspondence is onm-to-^onm. nils correspondence allows us, 
intuitively speaking, to view ii^ as merely another form of ^, and, where 

convenient, to study instead of ^. In particular, ii^ has a more natur«illy 

descrilXid decomposition into discrete, absolutely continuous, and singular 
continuous paLrts thaui does ^. 

Oeftnttton. Let S be a set of s.d.f.'s with the property that, whenever K e S 
aind K « K K f K (where K. e S. , i « 1,2,3), then K. € S (i - 1,2,3). 

12 3 X ^ 

Then, we call S decomposabVe * 

Thus* a decomposable set of s.d.f.'s is singly one that, %#h6never it contains 
an s.d.f*, also contains its discrete, absolutely continuous, and singular 
continuous aidditive parts. For exanqple, if S is the set of all lotteries, or 
the set of all lotteries with finite mean, then is decomposable. 

Definition. Given any decon^sable set S of Scd.f.'s, \e define the 
projection operators 

n^t S S n (i - 1,2,3) 

as followsi for any K e S, write K « K, + + ^^o' where K. e S. 

12 3 ^ ^fc 
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(i « 1,2,3). Then 
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n^iK) • (i - 1,2,3). 

The n^'B are analogous to the canonical projections associated with a 

direct-sum deconposition of a vector space (25, p. 161). In fact, they 
satisfy the follc%irin9 properties: 

(1) is linear, in the sense that 

\[pJ ^ (1-P)k] - PTr^(J) ^ (l-P)Tr^(K) (p € [0,1]; J,K € S); 

(2) t,.(S) - S n S. ; 

(3) TT^ o rr^ « TT^ (rr^ is •^idenpotent'* )i 

<4) TT^ o TT^ 0 if i ^ j ( and are "orthogonal*'); ejid 

(5) tr^ + TT^ -f TT^ « (the identity operator on S). 

In essence, the property of being '^decomposable'* will ensure, in the 
forthcoming decoinposition theorem, that the -additive parts'* of are 

well--defined. The property ensuring that the parts of m itself (in a sense 
that will later become clear) are well-defined is esqpressed byt 

Definitton. Let S be a set of s.d.f . 's with the property that, whenever K € S 
and K * + + (where € , i « 1,2 3), then 

K^/lim K^(t) € S 
t-^ 

for any i for which ^ o. Then, S is called hereditary. 

In particular, whenever L - p^L^ -f p^h^ + p^L^ is an element of a hereditary 

set S of lotteries (where p^ > 0, \ ^ i - 1,2,3), then any v^ose p^ is 

positive must itself be in S. Examples of hereditary sets are the set of all 
lotteries emd the set of all lotteries with finite mean. 

The notions of "hereditary" and "decomposable" exe related in the following 
vrayi 

Proposttton 4. a set S of lotteries is hereditary if and only if is 
decomposable . 

PrcK>f. If s is empty, - {0}, au>d the equivalence holds trivially. Assume 
S f« sr, and suppose first that S is hereditary. IfKeS^andKftQ, then 



K « pL for mom p > 0, L € S, 00 that also K - P^^^^^^ ^ '^^z ^ 

€ COrl]r € such that either € S or - 0 (i - 1,2,3). «iu8, 
pq^L^ € n for eacOi i* It follows that is decomposable. To prove 

the other half of the equivalence, suppose is decooposable, and consider 
any L € S. W» have L » p^L^ -f p^L^ -f p^L^ for some p^ € [0,1], € S^. 
Since, necessarily, L t3i S and each p.L, € S. , we have p.L. € S., so that 

* X X X^ XX * 

p^L^ for sons q^ e [0,1], € S. However, and are lotteries; 

thus, if P^ 5* 0, then « c S. It follows that S is hereditary. 

The foregoing proposition allows us to define projection operators on 
Whenever S is a hereditary set of lotteries. 

With these preparations, we can now give the desired decoiqposition theorem 

Theorem 6. Let ^ be a nsasurable utility function (in fact, any lineau: 
function) on a hereditary lottery space S. nien, ^^ has a unique 

decoaf>osition 

^« *1 *7 *3 

into linear functions on such that €^^(0) « 0 and •*€^(K) depends only on 
the ith part of K- (that is, " ^ (i - l#2#3)# where each tr^^ is the 
projection operator from onto n S. )* 

Proof. To prove the existence of the decomposition, note that,- by the 
properties of the projection operators, we have 

Clearly, each ^^ o i» linear and takes the zero function to 0. Moreover, 
for any K «- ^^ <> depends only on the ith part, ff^(K), of K, since 

nius, existence Is proved. 
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To mt«bllch thtt uniqutMSS of thm d^ooMposition, l«t C^^ (i - 1#2,3) bt ony 
llMar function* on tuch that €^^(0) - 0, " ® ^ 

UMin, we need nsrely dbserve that, by the properties of the projection 
operators, 

- 0 + 0 + €^ o tr^^ o tr^ 



for each ±. 



The linear functions (i * 1^2,3) appearing in Iheoren 6 my be considersd, 

respectively, the discrete, absolutely continuous, and singular continuous 
mparts** of Thus, the theorem shows how the extension to of a 

Masurable utility function on S is **built up" from its discrete # absolutely 
continuous, and singular continuous parts. (Actually, Theoren 6 can easily be 
generalised to encompass situations in Which lotteries are uniquely decomposed 
with respect to classes other than S^, S^, and S^. ) Lst us examine in more 

detail how this decomposition of relates to /x itself. To do so, we needs 

Propo9ttU>n 5. For any sets S and T of lotteries. 

Proof. Since (S n T) u {0} c s u {0}, we have (S n T)^ c s^. Similarly, 

(S o T)^ c T^. nius, (S n T)^ ^ ^ ^ establish the reverse inclusion, 

note first that it reduces to {0} o {0} if either S or T is empty. SMPpose 
S, T are nonenpty, and consider any Z € n T^. sjjice 0 e (S n T)^, we may 

assuma Z 5^ 0. How, we have Z > pL > (tff for some p,q e [0,1], L € S, M € T. 
Kecessarily, p « lim pL(t) « lim qM(t) » q, so tT it L > N, s n T 0, and 

t-n» t-^ 
Z € (S n T)^. Thus, (S n T)^ ^ ^ 

Q.ff.D. 

Proposl'tton 6. Let ^ be a linesu: function on a lottery space containing a 
lottery space T. Then 
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Proof. Both functioM [h|t] ana n^^T^ hav« as their domain and, if r ^ 0, 
both map an art>itrary •lament pM (p e [0,1], M € T) of T, to p>i(M). If T - 0, 



then - {0), and both functions are the sero function on T^. 



Q.E.D. 



Mo%r, aa shown in the proof, the deconposition appeuing in Oltieorem 6 takes the 
form 

^ver, it follows from the definition of and Propositions 5 and 6 that, 
for each i. 

The sets SnS^(i«i,2,3) are pairvise disjoint. Horeover, since the convex 
hull of the union of the sets S n im S, the values of ii on these sets — or, 

to put it differently, the functions *ijs n — determine ii on all of S. Thus, 
the additive decomposition of ii^ corresponds, in a sense, to a decomposition 

of II into -building blocks" ixjs n (i » 1,2, 3)* (Note that, if s n « 0 — 
as wuld occur, for example, if i - i and all lotteries in S %rare continuous — 
then jijs n is merely the empty function. ) Of course, the functions 



n are measurable utility functions Whenever ^ is a measurable utility 
function; eaujh merely represents the "restriction to S n s^" of the preference 
ord<»ring represented by ^. 

Wte earlier alluded to the conjectures that individuals may have: 
(1) different frames of reference toward certainty and certain forms of 
uncertainty and (2) discontinuous risk preferences* To esqplore these points, 
we needt 



Deftnitton (18), A set S of lotteries is called (x-convmx if. Whenever {L.}. , 
is a sequence of elements of S and (P^)^^^ iB ^ sequence of nonnegative 

00 

numbers for which ][] ' 1' one has 
i-1 



O 28 qq 

ERIC 



If S tm cr-convex, a function ^: S S is called a-linoar tf, for any sequsncos 
{I'j^lj^.j^^ ^^i^i-l " described, one has 
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Let M e-*>d S be as in Theorem 6, and assume P c s. Now, the "certain" 
lotteries are the degenerate lotteries, and these are discrete. Thus, all 
behavior of ^ over "certainty* is reflected in ics values at discrete 
lotteries. Furthemore, if either all discrete lotteries in S are sijqple or m 
is a-linear, then the behavior of m over "certainty" dBtmrminma its values at 
discrete lotteries. In either case. Theorem 6 shows that m« esdiibits a 

natural split into a discrete part, that accounts for the behavior iir?)osed 

(algebraically) on m by its values at lotteries representing certaintima , and 
a conttnuous part, ^3' accounts for the behavior of m at lotteries 

complementary to the discrete ones — namely, the continuous lotteries. In this 
sense, m nay be viewed as being determined by two separate measurable utility 
functions, with one incorporating — and indeed being determined by — ^the 
behavior of m over certainty. 

Ttiis intrinsic split would appear to provide a type of theoretical 
plausibility for the conjecture that individuals may have a different frame of 
reference toward certainty than they have toward uncertainty in cases in %#hich 
the nond^^nerate discrete lotteries play only a formal role and the only 
pertinent uncertainty arises from continuous lotteries (as might occur, for 
example, if. through a central*limit-theorem-type process, many small, 
independent; effects generated normal distributions that in turn generated the 
continuous lotteries in the individual's lottery space); for the split in m« 

that would be implied by such distinct frames of reference is already inqp. licit 
in Similarly, this intrinsic split provides a rationale for the 

conjecture that some individuals* risk preferences may be "discontinuous at 
certainty" (that is, may admit of a measurable utility function that is 
discontinuous at degenerate lotteries), niis conjecture is supported by the 
observation that the computational ability of the human brain is limited; 
thus, there is no apparent mnpirical reason why an individual with preferences 
among certainties and preferences among continuous lotteries should be capable 
of so conforming these preferences that, when they are extended to mixtures, 
the limit properties necessary for continuity should hold. (Discontinuous 
responses to risk are discussed from another viewpoint in Kahneman and Tversky 
(26).) 

Our examination of the decomposition of a measurable utility function suggests 
the following general method of conatructtjig measurable utility functions from 
"pieces." Given a meauiurable utility function on a preference lottery 

space (T^,i:^), where c s ^ (i « 1,2,3), let T be the convex hull of 
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u u T^, and define a function tit T R in the following rsanneri for any 

L € T, by Proposition 3, there are unique 8«d.f.*8 K, € S. such that L « 

* 

+ Kg ^3* ^^^^ L is a convex combination of elements of T^, T^* and T^, 
it follows that each K. e T. . By aiqpeal to Theorem 5, define 



M(li) - (K^) + Mg (K^) + ^3 (K3). 

Clearly, m is linear on T, since each ^. is linear on T. . Let t be the 
preference ordering induced on T by m (bw p. 20). Then, fi is a measurable 

utility function for the preference space (Tit), and 1^\t^ * yi^. Our 

definitions of various "two-rule** measurable utility functions in sections 4 
throusfh 6 are based on this construction, ihis construction also establishes 
that distinct frames of reference to%rard certainty and "continuous** 
uncertainty, as previously discussed and qualified, can al%#ays be represented 
by soa» appropriate measurable utility function. In contrast, the existence 
of such distinct frames of reference would be tncompattl>%0 with the 
traditional expected utility theory based on Integrals, which iiic>licitly 
requires that preferences be continuous. 

By taking to be a set of simple lotteries and setting « flT in the above 

construction, we find that the elements of T are convex combinations of simple 
lotteries and lotteries having densities. Examples of such combinations arise 
in applied work When distributions having densities are truncated, as in the 
case of agricultural commodity price distributions that are truncated through 
the introduction of a support price, or in the case of income distributions 
that are truncated through the introduction of an income floor, in 
traditional expected utility theory, such distributions are evaluated as a 
Whole. In contrast, our: approach allows behavioral responses to the discrete 
and continuous constituents of such distributions to be treated independently. 
In fact. When, as in the examples cited, the only discrete distributions in 
the individual's formal lottery space that have any practical role are 
degenerate, our approach provides a method of modeling empirical behavior that 
is consistent with the axioms of expected utility theory, yet does not require 
that the individual's choices among certainties determine his/her choices 
among pertinent uncertainties (continuous probability distributions). 
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4 MEASURMLB tirXLITY ON THE REAL LINE 

m will tmxt MamlM ttm ralationship b^twMn measurable utility functions 
dsfined on lottery spacss and functions defined on the real line that may 
sttrve as conv^nisnt reprssentations of them* We will thereby clarify the use 
of so-callsd ••utility functions'* of income or we^ath to represent behavior 
under risk. 

We first describe how measurable utility functions ^ive rise to ••utility 
functions on R.- We also state conditions under which a measurable utility 
function can be represented as an ••expected utility- functional in terms of a 
-von Weunann-ilorgenstem utility function- defined on R. We then adopt a 
somewhat different point of view. We take a function on R as given and 
investigate When there is a unique measurable utility function that gives rise 
to it. We obtain new representation theorem that provide a basis for 
interpreting discontinuous real functions am utility functions. We then 
consider iaplications of these results for the use of discontinuous utility 
functions in development theory (30). 

1x1 Induced Otjlitv Punntlons 

NotatifOn. We denote by -t)- the natural one-to-cne correspondence from R onto 
P defined by 

TKr) - (r € R). 

Dmftnttton. iMt m be an order-preserving function defined on a preference 
lottery space (S,t) for which pes. we call m ® t) the utility function 
induced on R 2>v M and say *i o t) tnducma 2>y (S,fc). Moreover, if ^ is linear 
(hence a measurable utility function on (S,fc)), we say *a o is meoaurabiy 
Induced by (S,t). (Thus, a function fi R R is measurably induced by (S,l) 
if and only if chere exJcl* a measurable utility function ^ on (S,t) such that 
f - M 7). ) 

Hote that the meaning of -linearity- for ii as applied to degenerate lotteries 
is quite different from that for ^ o as applied to real nmnbers^ For any 
p € [0,1], r,s € R, linearity of ^ is expressed as 

IHPF^ + (l-P)?^) - PM(P^) + (I'PMF^)* 

In contrast, linearity of ^ o takes the form 

Ui o T)](t) - at + b (t € R) 

for some a,b € R. Failure to distinguish between a real nuinber and its 
corresponding degenerate lottery could lead one mistakenly to auisert that 
every measurable utility function on S, by definition, satisfied 

*i(pr + (l-p)s) - p^(r) + (l-p)M(s) (p e [0,1], r,8 e R), 
from which it would follow that 

M(P) - M(P-1 + (I-P)-O) 



31 



36 



- pCm(1) - M(0)] + M(0) (p e Co,l]), 

so that M would appear to be linear on (at least a subinterval of) R. This 
apparent finding could teaspt one to th© un;;;arrant6d conclusion that m is "risk 
neutral" (b^e p. 50). 



4,2 ^'Expected UtilitY*^ RepreiientatiQnfl 

As should by now be clear^ a theory of measurable utility does not logically 
require the assumption that lotteries have expected values. However, the 
situation in vrtiich "the utility of a lottery equals its expected utility" (a 
notion that requires ejq>lication) is at the heart of traditional eiqpected 
utility theory. Thus, we state a result (tr2mslated from Grandmont (is) into 
our language) giving a>nditions under which the situation cited obtains: 

Theorem 7. Suppose (S,i) is a a--convex preference lottery space such that 
PCS. Oftien, the follo%fing conditions, taken together, are necessary and 
suf.^icient for the existence of a continuous bounded function u: R R such 
that the function /xt 5 R defined by 

00 

>i(L) « J u(t)dL(t) (L € S) 

is a rneasurable utility function for (S,i)t 

(1) For each € S, the sets {L € S I L > L^} and {L € S I Lq i L} are 
closed in S (see Theorem 4 on p. 19). 

(2) For all € S and all p € [0,1], if - L^, then 

pL^ f (l-p)L^ - pL^ f (1"P)L^. 



For the proof, see Grandmont {18). 

Deftnttton. Let |i be a roeaisurable utility function on a lottery space s. A 
function u: R R for which 

00 

^(1*) * J u(t)dL{t) (L € S) 

-00 

is called a von Neumann'-^rgBnatern uttltty function (for ^). 

If u is a von Neumann-Morgenstem utility function for a measurable utility 
function define;! on S, then the integral formula for ji may also be expressed 
as 

»i(L) - E(u o X) 
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vfhenever L € S and X is a random variable having L as its c*d*£* Moreover, if 
pes, then, for each r € R, 
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M(F^) - J u(t)dF^(t) 



-OD 

- u(r). 



so that 



u; 
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that is, u is the uttttty functton induced by ^ on R, and u(r) is "the utility 
of F^" (as assigned by Some treatioents in the literature of expected 

utility theory obfuscate the distinction between the **nonrandom" function u on 
R and the random vairiable u o x, defined on a probability space. 

He also point out that. Whenever a meeisurable utility function ^ is defined on 
(a lottery space containing) P, then, for any sinqple lottery 

1*1 1 

/i(L) too can be e3q>re8sed ats an '^expected utility." In fact, if u is the 
utility function induced by ^ on R auid X is the obvious random variable taking 

the value r. at i, then 
1 



i«l 
« E(u o X). 

A similar remaork holds if M is a-lineair and L is discrete* However, in these 
cases, if u is discontinuous at some r^ for %#hich p^ > O, then £(u o x) cannot 

be esq^ressed as a Stieltjes integral of u with respect to L, because that 
integral will not be defined (see pp. 47-48 for a further discussion of this 
point ) • 

AiJ Measurable Utility Models for Real Functions 

A coramon feature of eoonoaic studies involving risk is the Adoption of a 
utility function on R (that is, a "utility of wealth" or "utility of income" 
function) to represent an economic agent's risk preferences* From the 
standpoint of meauBurable utility theory, this use of a function from R into R 
to represent a risk preference ordering raises several basic and importamt 
(questions regarding the relationship bet%ieen such functions and lottery 
preference spaces that may measurably induce them* For example, what 
functions from R into R are measurably induced by Botne lottery preference 
space? Can such a function be induced by more than one preference ordering 
defined on the same lottery space? An affirmative aiswer to the latter 

3, 38 



question %miXd mui that mm functions from ft into It could Mrve 
•iflultansously m utility functions itiducsd by incompattl>l0 preference 
orderinge on the some lottery space* 



m be9in by shoirinsi that any function ft it ^ it (iven, for eicaiqple, if 
discontinuous 0V0ry%ih0r0) is SMSurably induced by some lottery preference 
space* Specif ically# iie prove 

Th0or0m B. The relation induces f** is a one-to-one correspondence from the 
set of all linear functions on H onto the set of all functions from R into It. 

(To understand the theorem, recall that H is the sot of all simple lotteries 
and that a linear function ^ on H is automatically a measurable utility 
function on the lottery preference space (fi,t^), ^ere the preference relation 

t on H is defined by 

Lj^ if and only if nih^) > KL^). ) 

Proof. We first prov» that the correspondence is one-to-one. Suppose linear 
functions m on H induce the sane utility function ft R -» R. Consider 

any sinpld lottery 

n n 

L - E P^P^ (Pi >0, Ip ' 1). 
i-1 "^i i-1 ^ 

Pron the linearity property for n and v, it follows by induction that 



i-1 ^ ^± 



i-1 ^ i 
- i/(L), 

so that »i " w. Thus, the ralation "n induces f" is one-to-one. 

we next prove that this relation is onto. Iiet f: R -» R be an surbitrary 
function. We will construct a linear function f* on H the (viewed as a 
measurable utility function on (H,l^^^)) induces f. In fact, for any L e H 

m 

(vrtiere, say, 1» - T P.F_ )/ put 
i«l i 

m 



f«(L) - r p.f(8 ). 

i-1 * * 
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Not« that, for €*(L) to be well-defined, fH^) nuet depend only on L and not 
on the particular representation of L chosen. But this condition is 
satisfied, for we havet 



Lesmc 2. Suppose a and n are positive integers, s, , . . ♦ ,s and t, , ♦ . . , t <not 

1 n X n 

necessarily distinct) numbers, and P2.''***P^ ^ necessarily 
distinct) nonnegative numbers such that 

Ihen, for any function ft R R, 

Proof of l0fma. Without loss of generality, we may assume that each p^ and 
is positive. Let S be the set of distinct s^*s; that is, let 

S « {8 e R I for some i e {1, • . * ,m}, s « s^}. 
For each s e S, define 

I3 - {i € m) I s^ - s). 

<nien, the sets I , s e s, form a partition of {l,...,m}, and we have 
0 



i-l ^ "i 8€S iel ^ "i 



E f E Pil%- 

sesUci J 

8 



Similiurly, defining 



T - {t € R I for some j e {l,...,n), t - t^) 



and (for each t e T) 



ve obtain 



- {j € {l,...,n} I - t). 



^."h^t. 'Ill *»jl'f 
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Pxon our hypothesis, it follows that 



However, since the p^'s and q^^s are adl positive, S and T aire precisely the 

sets of points of discontinuity of the left and right sides, respectively. 
1!hus, S » T, and we have 



E f E Pi E ^jl^ - ^• 

Se5li€l jGJ •'j 



Mow, it is easily verified that, in the vector space over R of all functions 
from R into R, the fui 

that, for each s e S, 



from R into R, the functions F., s e S, form an independent set. It follows 

0 



Since 



i'^l 8^ i€l 

a 



E f E Pil^(«) 

ses Li€l j 

8 



and (similarly) 



.E V^^j^' E f E ^l^(^)' 



the lemma is proveoi. 



VhxxB, f*i H R is a well-defined function. It is clearly linear. Thus, it 
is a measurable utility function on Finatlly, observe that, since, 

for any t e R, f*(P^) - f(t), f is the utility function oi R induced by f*. 

Q.E.P. 

Note that this result assures us that e^en eirbitrary unbounded functions may 
serve as measurabAy induced utility functions on R. ThuB, the uee of H as a 
lottmry space circumvents the **St. Petersburg ParaOox^ (that is, the argument 
that the use of unbounded utility functions necessarily implies the existence 
of **jn(;inite utilities'*). Observations in this vein have already aippeaxed in 
the literature (see 2, 41). 



Our next theory shows the connection between boundedness o": real functions 

and a-linearity of maasurable utility functions. First, recall that H is the 

o 

set of all discrete lotteries. We shall need 
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PropoBttton 7. M is a-oonvex. 



Proof. Suppose (^j^l^.j^ i» a sequence of elements of amd (P^)^.^ i» 3i 



sequence of nonnegative nunbers such that f ■ !• For each there exist 

a sequence (t of numbers and a sequence {q. , of nonnegative 

nunbers such that 

00 



E ^ 1 - 1 



and 



00 

L 

3 



Now, it is a well-lcnown fact from set theory that there exists a one-to^ne 
correspondence, ^, from M onto M x M. Vhus, 



00 00 



noM 1 <M n ) 

%#here <Kn). is the first coordinate of 4Kn). Since each p , a , is 
^ <l>( n )^^4)( n ) 

nonnegative emd 

00 00 
00 

i'-l 
« 1. 

00 

we conclude that J] p^L^ is discrete. 
i«l 



Q.E.D. 



Proposition 7 permits us to consider a-linear functions on H . We can now 

a 

prove 
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Vtmormn 9. Vhm nlation induces £** is a on«-to-oM oorr«spondence fron thm 
Mt of all <r-lir^ar functions on H onto ths sst of all bounded functions fron 

It into lt« 

(As in Thcorea S# a j-linGar function ii on fi is vi^vin^ su; a sasasurable 
utility function on 

Proof. First, note that the correspondence is into the set of all bounded 
fiinctions from R into R, Indeed, suppose a a- linear function ^ on f.nduced 

a utility function f s R R that was unbounded — say, unbounded above « Utien, 

for each i € U, there would exist an r^ e R such that £(r^) > 2^,. By the 

c^-convexity of H and the a- linearity of ^, we would have 

(T 

00 

i»l X 

and 

00 



ll\ E <1/2^)F^ 1 « r (l/2^)/i(F ) 
"^i-l i^ i«l i 



00 

r (V2^)f(r )• 
i«l 



But this is i]qpossible<. Bince 



" i 

j; (1/2 )f(r ) > n 
i»l 

for each n e M, Thus, f must be bounded above. Similarly, f must be bounded 
belcw. We conclude that the correspondence is into (compare 18, Lemma 2). 

Mxt, suppose th&t (7-linear functions \jl and v on H induce the sams bounded 

o 

utility function ft R A, Let 

00 

i«l 1 



be any discrete letter/. Then 



00 
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i-l i 



i-l 
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- w(L). 

Ihus, ti » V. nils proves that the oorre8EX)ndence 13 one-to--on<» • 

Finally, to prove that the correspondence is onto, suppose f t R R is an 
arbitrary bounded function. Define a function f*i R as follo^fst for any 

L c (^Mhere, say, 

1«1 1 

put 

f*{L) « T p.f(s.). 
1-1 ^ ^ 

To prove that f*(7^) is t^ll-de fined, we need 

Lmma 3. Suj^pose {o. )^ {^-sl? , *™ sequences of (not necessarily distinct) 

}^ . are sequences of (not necessairily distinct) 



nurioers and (f^ii.^ - ^S^j-l 
nonneqatlve nunbers such that 



00 



1«1 1«1 



and 



i-l ^ "i j-l^ "j 
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Then, for any bounded function f i R R, 

Proof of lemma. Without loss of generality, %#e may assumsr that each p^ and q^ 
is positive. We p3:oce€.d as in the proof of Lerana 2, defining 

S « (s e iR I for some i U, s » s^>, 
T « (t € R I for sone j e N, t « t^}. 



9^ 44 



and (tor all 8 c S and t c T) 



A8 before, w obtain 



I, - {i € N I - 8}^ 



« {j € N I tj - t). 



0CS 

(here using the absolute convergence of the series to justify the 
rearrangsMnt of tetM). 

Hext, we prove that S « T by showing that S and T are precisely the sets of 
points of discontinuity of the left and right sides, respectively. It will be 
enough to prove this for S. (Note that S need not here be finite; indeed, it 
could even be dense .in ) 

Toward this end, for each s € S, put 

XGl 

8 

Note that each is positive. Put 

EVs' 

S€S 

and consider any r € For any ^y^2 ^ ^ satisfying r^ < r < r^, we have 

Since this series is unifomly convei^nt on R, we obtain 

P(r^) - P(r-) « J] P«CF (r+) - F (r-)] 
seS 

(Where the and denote right- and left-hand limits). However, for each 
8 € S, F (r+) - F (ju-) is either 1 or 0, according to whether r is, or is not, 

0 8 

equal to s. Thu«, F(r+) - F(r-) is positive if and only if r e S, which 
proves that S is precisely the set of points of discoutinuity of F. Arguing 
similarly for T, we conclude that S » T. 



nius, putting 

Q 



for each t e T, we have 
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Hote that this series is uniformly convergent on R, amd consider any s^ € S\ 
Reasoning as before, we obtain 



%«hich reduces to 



It follows that P « Q . But 
s s 
0 0 



i-1 ^ ^ S6S ' 



and 



00 



j-i ^ tCT ^ 

(see the proof of Lemma 2). Thus, the lemma is proved. 

Thus, the function f*i R is well-defined. Furthermore, it is a-linearc 

(Tto establish this point, let (I-^l^^j^ be a sequence of elements of H , and let 



.00 



00 



^^i^i«l ^ * sequence of nonnegative numbers such that T p - 1. alien, 

i«l 

drawing on the proof of Proposition 7 (and using the same notation), %^ can 
write 



f* 



00 



f* 



00 00 



00 

- E Pif*(i..).) 

i-1 ^ 

Since f*(F^) - f(t) for each t e R, we conclude that f* (viewed as a 
measurable utility function on <H^,i^^)) induces f. It follows that the 
Correspondence under consideration is onto. 

Q.B.D. 
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nieoMMi 8 and 9 <^ioiuily iapXy that (nacessarily diatinct) prafarence 

ralationa on diatlnct Xottary apacaa may maaaurably Induca tha aaM utility 

function on It. Mora inportant, howavar, ia tha quaation of irtiathar diatinct 

prafaranca ralationa on tha acpna lottary apaca can naaaurably Induca tha aaiM 

utility function on Wa will no*r danonstrata that thay can ^h^n thace 

prafaranca ralationa arc not raquirad to ba continuous* In fact, wa will 

construct uiacountably Mmy diatinct prafaranca ralationa, all of whidh ara 

dafinad on tha aana lottary apaca and tt^aaaurably induca tha aama utility 

function on Both in form and notation, our conatruction will parallal that 

givan during our diacuaaion of tha dacompoaition of maaaurabla utility 

functiona (pp. 29-30). In particular, for aach t € wa will apacify 

maaaurabla utility functiona ii,. defined on lottery spa^ as T. c 

it it i 

(i • 1#2,3) and will uaa these to define a measurable utility function on 
the convex hull, T^, of T^^ u T^^ u T^^. 

To proceed, conaidar an arbitr&ry function f i R R. By Theorem 8, there 
exists a (uniquo) measurable utility function, m^, on H that inducaa f. For 

each t € R, put T^^^ « H, « , T^^ - (S, and (correapondingly) « flf* 

Let T^^ be the lottery space consistirg of all elements of with finite 

mean. Define a preference ordering, fc^f ^2t ^ rule: 

I- t^^ M if and only if L(t) < M(t) (L,M € T^^). 

(Olhus, for exunple, if L and N ^^fere the c.d.f . 'a of profit random variablea X 
and Y, reapectively, -L i^2t^'' would mean that the probability of realizing a 
profit exceeding t would be at least ais great for X as for Y. ) Choose any 
a^ > 0 for Which a^ > 2f(t). mie function ii^^i T^^ R defined by 

'^2t<^>-^^"^<^>) v> 

is cleaurly a measurable utility function that represents fc^f ^ 

convex hull of T^^ u T^^ u T^^. (Of course, all the T^, t € R, are identical; 

let T be thia cooaiDn set.) Ohen, in accordance with our earlier construction 
(pp. 29-30), the rule 

(Where I. - + + e T, e (i « 1,2,3)) defines a measurable 

utility function n^, and a corresponding preference relation t^, on T. By the 
definition of <i^^ ( see the proof of Theorem 8 ) and our construction, 
MMUiurably induces £. 
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H«xt, wa show that and are distinct Wh«n«ver • i« t. Suppose s t, and 
obMtve that there clearly exiat lotteries Lg'M^ e T^^ « T^^ such that 
V*^ * **2<*^ * M^Ct). Then, L^^M^ € T, 



and, siailarly. 



and 



•o that M.CI^) > Mgdij) and '^<^2) ' '^t^^)- ^ conclude that It^ and It^ are 
distinct ozderings. 

lie have thus demonstrated that incompatible preference orderings defined on 
the sane lottery space can measurably induce the same utility function on R. 
Since f was arbitrary, it follows that, in problmms Involving risk, no 
OMBumpttona conc0mtng a utility functU>n on R are sufftctmnt to charactmrtzB 
thm una^rtytng risk pr0f0renc0B. Rather, the risk prefermnces can only be 
cnoroctmrtzmd by asawnpttons at the more abstract tevet of thm preference 
ordertng ttmetf. 

As we shall see below, the key to the preceding construction lies in the fact 
that each ii^, and thus (by the remarks following lAieorem 4) each it^, is 

dtmconttnuouB. To establish discontinuity, suppose t € R, and choose 
b^ € [0,1] such that 



^ 1 - [ 



1 



f(t)/a^j 

For each n e N, let be any element of T^^ such that 

\(t - n~^) « 0, 

and 



Ii^(t + n"''") - 1 
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(thtrn is an obvious pieceirise-linear lottery th&t will do). Vhien, 
weakly as n oo. Ho%«ever, for each 



t 






f(t) 




It follows that fi^ is not continuous at F^. l^ius, is discontinuous. 

The preference relations (t € R) constitute our first **concrete" example of 

the new type of discontinuous risk preference ordering described in the 
introduction (p. 2). Since eau;h is discontinuous, and since every 

neasurable utility function satisfies the Herstein--Milnor axions for 
Measurable utility theory (23), this exanple establishes that the 
Mrstein-Milnor axioms do not inply that neasurable utility functions are 
continuous. (There seems to have been a lack of clarity on this point in the 
literature. One source of confusion nay have been an overly liberal 
interpretation of Herstein and Nilnor's careful assertion that one of their 
axioms *'approxinately states that an individual's preference ordering is 
continuous with regard to probability distributions'* (23, p. 293). Nor has 
the situation been helped by the fact that the Archinadean axiom of esq^cted 
utility theory (7, p. 292) is even nore widely known (sosistimes in slightly 
changed fom) as the '^continuity axiom"* (see, for exaiaple, 22, p. 53). Our 
example also shows that the continuity axiom does not imply continuity for 
neasurable utility functions. ) 

The preceding results naturally raise the question of whether distinct 
conttnuouB preference relations on the sane lottery space can measurably 
induce the sane utility function on R. The ans%#er is given by 

Theorem iO. Let S be a lottery space containing P. Suppose and t^^ are 

continuous preference relations on S that measurably induce the same utility 
function, f, on R. Then, amd are identical. 

Proof* It follows from our aussumptions that there exist ne2uiurable utility 
functions M ^ that represent and t^, respectively, amd that induce the 

sane utility function, f, on R. Purthemore, by the remarks following 
Theorem 4, ii amd w must be continuous. 

It clearly suffices to prove /i * i/. For this, we will use the following 
well-known result t 

Lemma 4. For amy lottery chere exists a sequence of simple lotteries that 
converges weakly (indeed, uniformly vin R) to L. 

Proof of imnma. For amy integer n > 3, define intervals 
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- C(lc-l)/n,Vn) (k - 1, ...,n-l> 

and 

I - C(n-l)/n),l]. 

Let L 1» any lottery. Sinco ^2^'""^^^ disjoint and esdiaust [0,1], the 
sets 

\ - ^"^i^) (k - 1 n) 

are disjoint and exhaust R. Horeover, since L is a lottery, the sets Jj^ have 

the following properties: < Whenever k < € (that is, each element. — if 

any-— of is less than each element — if any — of Whenever k < e). Each Jj^ 

is an interval (possibly eqpty). and are nones^ty. •^2"*""^n 

bounded belo%#. Each of J ,.««,J is closed on the left; that is, each 

2 n 

contains its left-hand endpoint. 

It follows that there exist numbers 

a. < a^ < . . . < a , 
X 2 n-1 

such that 

- (-a),a^), 

J «■ [a 

n n-l ' 

and 

for k « 2,...^n-l. Defiite L^: R [0,1] by 



0 if t € 

1 if t € J 

n 

Lk/n if t € Jj^ (1 < k < n). 



Then, is a sisqple lottery (since, as is easily proved, the simple lotteries 
a i precisely those having finite range). Moreover, since L(t) € I. Whenever 
t € J , we have iL (t) - L(t)| < 1/n. Thus, the lemna is proved. 



Continuing with the proof of the theorem, let L be any element of S. By the 
lemma, there exists a sequence {I-j^l^j^ of simple lotteries converging %ieakly 
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to L. Since ^ and w agree at each degenerate lottery, they must agree at each 

L • But then ii(h\ « w(L), by the continuity o£ ^ and w. We conclude that 
n 

)i « i/, smd the theoren is proved. 

4.4 T»p1if!Jit'ionfl for DiaoontlnuoiAg Utility in Peaa&nt ^ricultiure 

In hie study of discontinuous utility (30), Masson argued that an expected 
utility npdel derived fron a utility function of income with a jump 
discontinuity My be an appropriate representation of fanner behavior When a 
disadter^voidance notive is present. He based his conclusions on the 
findings of O* Harass study (32) of the diffusion of technical change in and 
around a fam project in Mexico. Masson pointed to directly estimated utility 
functions arising out of O'Mara's study as in fact providing empirical 
evidence of discontinuous utility. Vh» use of discontinuous utility functions 
had earlier been suggested by Roy in the context of his ''safety^first*' theory 
(39). K '*jump poinf of such a utility function might be, for example, the 
level of inccM at which bankruptcy occurs. 

Neither Masson nor Roy, however, a'wteqpted to establish the legitimacy of 
discontinuous utility functions within a theory of behavior under risk, lie 
will now address this issue with particular attention to the use of 
discontinuous utility functions When a riiricless asset is ar ilable. The 
reader may find it of interest to contrast our methods with the grapliical 
methods used by Pyle and Tumovsky (35) (Whose work also considers 
implications of riskless versus riiky assets, though in a different context). 

The assumption that an economic agent has the choice of holding a riskless 
asset is formally the assumption that his/her lottery space contains 
degenerti^e (hence simple) lotteries, itie consideration of lottery spaces 
containing simple lotteries is also important for another reasons in many 
empirical studies of behavior under risk, it is the subjects' expressed 
preferences among various putative simple lotteries that are used to construct 
utility functions of incoms. Qius, any realistic model intended to reflect 
the behavior observed in such studies must assume that the subjects' lottery 
space contains simple lotteries. 

Now, ttxm common presumption is that functions on it that are put forth as 
utility functions for risky choices are to be interpreted as von Neumann- 
Motgenstem utility functions (see p. 32). In the traditional case in Which 
the utility function of income is continuous, the inclusion of simple 
lotteries in the lottery space poses no difficulty. Hdwever, when the 
(proposed) utility function is dtBconttnuoua, it cannot always be interpreted 
as a von Neumann-Morgenstem utility function, for its integral with respect 
to a simple (and hence discontinuous) lottery may be undefined (see below). 
Sow, then, is such a function to be interpreted, and on What basis can it 
characterise behavior under riik? Specifically, how can it be related to a 
preference ordering of risky prospects? To place these questions in sharper 
focus, let us review the theoretical justification for using conttnuous 
functions as "utility functions*" of income eund then contrast this case with 
that of discontinuous functions. 

lift begin by pointing out that, within the traditional theory of behavior under 
risk, the fundamental economic datum is a preference ordering defined on a 
lottery space. Ifhen, for analytical convenience, one pursues a risk-related 
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•tudy bjr Mlsctlng a continuous function us R -» R and designating it a 
**utility function** of inoont, one is Mraly defining a pnfsrancs ordering of 
lotteriM iaplicitly rather than explicitly. inde<jd, in the usual case in 
%Aiicfti expected utility Mocittixation is intended, the rule 



1 



UdL 



defines a linear function )i on the (necessarily convex) set of all lotteries L 
for iiAiibh the integral is finite. Then, in the usual nanner (see p. 20 )< m 
detendnes a preference o^cdering for Which ^ ie a Measurable utility 

function. In this way, u determines t^. Yet, also wrasurably induces u by 

vmms of fi. One can sunaarixe these relationships aaong u, ii, and by the 

statesMnt that any continuous function us R R determines a preference 
lottery space that, in turn, measurably induces u. It is this correspondence 
between continuous real functions and preference lottery spaces that justifies 
interpreting the fomer as ^'utility functions.** 

For dtBconttnwua functions us R R, however, the relationship to preference 
lottery spaces is less apparent. As already noted, the Stieltjes integral 




may not even be dmftnmd when u is discontinuous and L is siJ^ple. Thus, the 
arguments used in the continuous case are not applicable here, and are 
confronted with the task of proving that the use of discontinuous real 
functions wl vtility functions is not merely spurious, but, rather, can be 
justified by the existence of an appropriate correspondence between such 
functions and preference lottery spaces. We now proceed toward a resolution 
of this issue. 



First, suppose an individual has available no riskless asset— that is, that 
there are no degenerate lotteries in his/her lottery space. In fact, suppose 
that he/she chooses only from among continuous lotteries representing bounded 
random varid^les. Assume us R R is continuous except perhaps at finitely 
many points, ihen, for any one of his/her lotteries, L, the Stieltjes 
integral 




is well-defined, so that u, thougb. discontinuous, may serve as a von Keumann- 
Horgenstem utility function, dei^xning a measurable utility function (and 
associated preference lottery space) as previously described. In this 
situation, u is legitimixed as a utility function by the samd relationship to 
a preference lottery space as would be enjoyod by a continuous real function. 
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Alternatively, suppose iww that the individual does have a choice of holding a 
riskless asset; that is, suppose that his/her lottery space contains the 
degenerate letter iei?» Itien, if u has a discontinuity at t , both u and P. 

^0 

are discontinuous at t^, and u %#ill not be Stieltjes integrable with respect 

to P. (that is, 
0 

00 

-00 

will not exist). This observation follows directly from the definition of the 
integral, (in fact, from among the various Stieltjes sums 

?U(8.)CP (8.^^)-F (8.)3, 
1*1 0 0 

one could always select two that differed by nearly u(t^+) - "(^q^)* Y^t %#hose 
subdivisions 

®i-l' ®i' 

were arbitrarily fine.) Thus, u cannot fulfill the role that the traditional 
expected utility framework requires of a von Neumann-^forgenstem utility 
function — namely, of serving aus the integrand of a Stieltjes-integral 
functional that assigns to every lottery in the choice space its '*e9^)ected 
utility." 

How, then, when a riskless asset is avad.lable, can discontinuous utility on 
the real line be rationalised within an acceptable theory of preference 
behavior under risk? h simple answer is provided by Theorems 8 and 9, for 
they establish that any function ux R R, even if discontinuous at every 
point, determines a unique measurable utility function on the lottery space of 
all simple lotteries (or, if u is bounded, even a unique a-linear measurable 
utility function on the "larger" lottery space of all discrete lotteries) 
that, in turn, induces u. Hius, discontinuous utility functions on the real 
line, while not necessarily consistent with the maximization of expected 
von Neumann-^rgenstem utility, are consistent with the maximization of 
maasurable utility. Our theorems legitimize the use of such functions as 
representations of behavior under risk (as in Masson's study (30)) by showing 
that each may be associated urith a measurable utility function, and thus with 
a preference ordering, defined on a lottery space. 

In establishing one-to-one correspondences between real functions and 
measurable utility functions, llieorems 8 and 9 assume that preference 
compeurisons auro to be made only among simple lotteries or among discrete 
lotteries. It is natural to ask whether similar correspondences hold when 
continuous lotteries (in conjunction with simple or discrete lotteries) are 
allowed in the lottery space. We will now show that such correspondences do 
not hold. In fact, although any discontinuous function on R is still 
measurably induced by some preference ordering, such an ordering is not 
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unique. nxuB, if a discontinuous utility function of incoM were uMd to 
model behavior under risk for both simple (or discrete) and continuous 
lotteries, no underlying risk preference ordering could be uniquely identified 
(unless, of course, additional restrictions were introduced)* 

To formalize and prove this assertion, let ft R R be any function, and let |i 
be any measurable utility function defined on the space C of all continuous 
lotteries* We will construct a measurable utility function that induces f, 
yet agrees with on c. (Wto consider here only the conjunction of simple 
lotteries and continuous lotteries; when f is bounded, the proof for the 
discrete lottery c2Uie is similar. ) Now, by nieorem S, there is a (unique) 
measurable utility function, f*, defined on M that measurably induces f. Let 
L be the convex hull of H u C. Then, every lottery L in L can be written as a 
convex combination 

where 0 < p^ < i, is a single lottery, and is a continuous lottery. 

Furthermore, as can be demonstrated by a short argmient based on the lottery 

decomposition results described previously (pp. 20-21), p^, p.S. , and (l-p )C 

Il II L L Xi 

are unique. We are thus assured that the measurable utility function, v, 

defined on L by 

i/(L) - Pj^f*(S^) f (l-Pi^)M(C^) (L € L) 

is well-defined, clearly, i/ measurably induces f . Horeover, i/jc— the 

restriction of u to C — equals |i. Thus, we have constructed a measurable 
utility function (and, therefore, a preference ordering — namely, the ordering 
determined by w) that encompaisses both f and ii in the senses desired* 

Consequently, since ^ was aurbitrary, f cannot identify a unique preference 
ordering, amd our assertion is proved. It follows that the empirical use of 
discontinuous utility functions may be spurious unless the lottery space is 
properly restricted, as in Theorems 8 and 9. 

A final issue requiring clarification is the interpretation of ''juii^ sise** at 
points of discontinuity of utility functions of income. Masson (30) 
interprets a "larger" drop in utility values at points of discontinuity as 
signifying a "more serious" economic disaister. Prom the standpoint of 
measurable utility theory, however, no such interpretation is warranted. For 
an induced utility function contains no more information on behavior under 
risk them its underlying preference ordering, and the latter is concerned 
solely with order of preference, not strength of preference. 
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5 RISK AVERSION 



An individual is ^risk averse"* if. Whenever confronted with a rislcy prospect, 
he/she prefers a guaranteed payment equal to the eioDected value of the 
prospect, to the prospect itself* 

Ihe concept of risk aversion is usually considered within the framework of the 
traditional eicpected utility theory based on integrals* Within that 
f raMwock# risk aversion is known to be equivalent to the concavity of a von 
Heunan n t tergenstem utility function* In this section, we investigate the 
relationship of risk aversion to concavity within the more general setting of 
measurable utility theory. 

lie first present the basic definitions* We then show that the equivalence 
between risk aversion and concavity holds (in a weakened form) for measurable 
utility functions ^^n preferences are continuous, but may fail in one 
direction, and ""appear** to fail in the other, when preferences are 
uiscontinuous* Finally, we consider the ijnplications of the **apparent** 
failure for the eB^>irical identification of risk aversion* 

5 . 1 Definitions 

Recall that the meon of a lottery L (here denoted £(L).) ie defined as the 

00 

Stieltjes integral J tdL(t) Whenever the ir'^egral exists. Recall also the 
function rii R P defined earlier (p* 31)* 

D0ftnttU>n. Let (S,h) be a preference lottery space in Which each lottery has 
a finite mean* Assume Ti^E(S)j c s, where £(S) is the set of meams of elements 
of S. fRien, (S,t) (or t) is ceaieds 

(1) tjeakty risk averse if, for each L e S, F.., . 1^ L; 

E(ij) 

(2) rtak neutral if, for each L e S, F_,,, . L; and 

E(L) 

(3) umakly risk loving if, for each L e S, L > F«., - . * 

E(Ij) 

If t is replaced by > in (1) or (3), then (S,t) (or t) is called strongly risk 
avenie or mtrongly risk lojtng, respectively* 

Most treatments of risk aversion leave the impression that the notion requires 
a utility frame>K>rk, or even an ejq?ected-utixity framework, for its definition 
(for exc^le, see (22, 27, 44))* In fact, however, risk aversion is a purely 
ordinal Ci>ncept* 

For precision, we will noedi 

Definition* A function fi R R is weakly (respectively, strongly) concave if 

f(ta + (l-t)b) > tf(a) + (l-t)f(b) 



50 



(rtop0Ctively, f(ta + (l~t)b) > tf(a) + (l-t)f(b)) 



Wh«Mv«r t € (0,1), a,b € R, and is ueaxiy (respectively, BtrongCy) convax if 
•f is weakly (respectively, strongly) concave • 

£^2 Relation to CL^.^ravity 

We can no%r proves 

Theorem ii. Let (S,fc) be a preference lottery space for %ihich each lottery 
has a finite mean and P c s. Assuii«! (S,i) measurably ividuces on R a utility 
function, f. niens 

(1) Ik i is weakly risk averse (respectively, weakly risk loving; 
risk neutral), then f is weakly concave (respectively, weakly 
convex; affine)* The analogous statement holds if •^leakly*' is 
replaced by ••strongly. 

(2) If f is weakly ancave (respectively, weakly conrsx} affine) and 

t ts continuouB, then 1 is weakly risk averse (respectively, weakly 

risk loving; risk neutral )♦ 

Proof. I^t H be a mea&urable utility function for (S,i) that induces f. To 
prove (1), suppose t is weakly risk averse, and consider any a,b € R, 
p e (0,1). Put 



then L € S and 



Since 



it follows that 



L - pP^ + (l-p)F^ ; 



E(L) - pa + (l-p)b. 



^E(L) ^ ^' 



<A[n(pa + (I-P)b)] > Pfi[Ti(a)] + (l-p)M[TKb)]; 

that is, 

f[pa + (I-P)b] > pf(a) + (l-p)f(b). 
niuB, £ is veakly cx.r.cave. 

If t is weakly risk loving, the proof is similar. Finally, if t is risk 
neutral, then it is both weakly risk averse and weakly risk loving, so that f 
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tm both wMkly concave and %#M}cly convex, hence (by Lenma 1, %irith S « R) 
af£ine. 



Ihe Mcond half of (1} is proved einilarly. 

To prove (2), suppose f ie weakly concave and It is continuous. Then, by the 
rsMrks folloirlng Hieoren 4, ii must bo r^ortinuous. We will need the following 
two is—ns (see II, pp* 150-51, 33, pp. 211-12 )s 



5. If L is any lottery with a finite mean, then 
lim tL(t) - lim t(l-I/t)) - 0. 

t-^-OD t-^ 

Proof of iemma. It is known that any lottery L with a finite meem satisfies 

» €0 



J tdL(t) - J 1-L(t)dt 



and 



J tdL(t) - -J L(t)dt. 



-00 



(Notmt We adopt the convention here that Stieltjes integrals aire taken over 

0 

closed intervals. In particular, J tdL(t) refers to (^,0], not (-oo,0)* 

-co 

w.Jh specificity is not necessaury, of course, for Riemann integrals.) Now, 
for any r > 0, vre have (by integration by parts for Stieltjes integrals) 



J tdL(t) » rL(r) - J L(t)dt 
3 0 

r 

« r[L(r)-l] + J 1-L(t)dt 



and 



J tdL(t) - rL(-r) - J L(t)dt. 



-r -r 

If we now take limits as r ^ (o amd aijE^ly the results just cited, we obtain at 
once the desired conclusions. 
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Lmnnm 6. For any lottery L %rith a finite nean, there exists a sequence 
®^ lotteries such that 



(indeed, unifozmly on R) and 

E(Iij^) E(L) as n 00. 

Proof of iMma. Consider any integer n > 3. He will construct a simple 

lottery L such that 
n 

lE(L^) - E(L)| < 1/n 

and, for each t e R, 

IL^(t) - L(t)| K l/n. 

This will clearly be sufficient to establish the lexnna. 

00 

Since lim L(t) « 0, lim L(t) - 1, and J tdL<t) exist«~and, by 
t-*-oo t-n» 

iMoia 5 — ^there exists a B > 0 such that 

B 00 
I j tdL(t) - j tdl,(t)| < l/4n, (1) 
-B -00 

BL(-B) < l/4n, (2) 

b[i-L(B)] < l/4n, (3) 

L(t) < 1/n whenever t < -B, (4) 

anC 

I*(t) > 1 - 1/n whenever t > B. (5) 

Define L (t) - 0 for all t < -B and L (t^, - l for all t > B. Then 
n n 

ll-^Ct) - L(t)| < 1/n whenever t € (-^,~B) u [B,oo). Our definition of L on 

n 

C-B,B) must avrait our construction of an appropriate peu±ition of C-B,Bl into 
subintervals. 

Toward this end, note that, by a standard theorem on Stieltjes integrals (40, 
p. 108), there exists a 8 > o such that, for any fLiite sequence of numbers 
b < b_ < ... < b for which 

1 ^ ID 
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and 



•adh bj^^j^ - is less than 8, 



and for any cholcss t^,..*,t .of points t^ e [^4/^4.,]/ one has 

X ft^X 2. X X^X 

Us dsflne a partr^^lar such finite sequence as follo%rsi as in the proof of 
4, we partition [0,1] into intervaas 

I,^ * C()c-l)/n,k/n) ()c - l,...,n-l) 



and 



obtaining thereby intervals 



- C(n-l)/n,l], 



and nuabers 



svch that 



- ^'^^(\) (k - l,...,n) 



a. ^ a_ ^ • • • ^ a _ 
1 2 n-1 



and 



J - [a ,00), 
n n-"X 



\ - f*k-.l'\^ ■ 2,...,n-l). 



lis next (in effect) subdivide those that lie (at least partly) within 

C-B,B] into subintervals of length less than 8. More precisely, we define the 
set S to be the union oft (1) the set of all ^ (if ^uiy) for %^ich 

•B < < B and (2) any one finite subset {c^, ...,c^} of C-B,B] such that 
-B • c^ < . • • < c^ < c^^^ < • . . < c^ « B 
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and MCh c^^^^ - c^^ is less than 6. may write S as 



Where b. < b. Whenever i < j. Necessarily, b_ « -B ar.d b « B. Moreover, 
X J 1 in 

b.^, - b . < 6 for each i - 1,...,bi-'1* Ihus, the finite sequence b, ,...,b 

X'xX X 1 HI 

satisfies the conditions of the theorem cited. 
Noir, define on C-B,B) by 

L^(t) - L(b. ) if t € Cb.,b.^^). 

Clearly, (having now been defined on all of It) is a simple lottery. 

OMierve that each subinterval [b.,b.^, ) is contained in some J, « L^^(I^). 

^ X x+l k Jc 

Thus, if t € [b.,b.^_), then L(t),L(b. ) € I., that is, L(t),L (t) € I, . Since 

X XxX X K XI K 

has length 1/n, it follows that 

|L (t) - L(t)\ < l/n. 
n 

Since, for adl t € (-oo,-B) u CB,a>), a similar: inequality was established 
earlier, we conclude that 

for all t e R, as was to be shown. 

Finally, w^ prove that lE(L^) - E(L)| < l/n. Applying the cited integration 
theorem to our ^^'•••'bnj' choosing (in the language of that theorem) 

- € Cb^/b^^j^] (i - l,...,m-l), 

and (for brevity) putting 

m-1 



we obtain 



- j tdL(t)| < l/4n. 



-B 
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J tdL„(t) - b^L„(b ) + fL„(b,^, )-L^(b, )] + b^[l-LJb_ , )1 

- -BL(-B) + W - B[L(B)-L(b^^)] + B[l-L(b^p] 
« W - BL(-B) + b[i-L(B)] . 

B B » 

lE(L^) - E(L)| < |w - J tdL(t)| + I J tdL(t) - J tdL(t)j 

-B -B -« 

+ BL(-B) 4- b[i-I.<B)] 

< 4(l/4n) 
« 1/n, 

*»hich completes the proof of the lenma. 



niu8. 



Returning now to the proof of the second half of the theorem, suppose f is 
weaXly concave and i (and thus n) is continuous, and consider any L e S. By 
Le«ma 6, there is a sequence {L^}".^ of simple lotteries (hence, elements of 
S) such that - L weakly and E(L^) - e(L) as i - ». we nay write 



"i 

3-1 X3 



for each i. Since f is weaWLy concave, we have 

- ^l-ii'ij] 
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for MCh i. Bowever, as i oo, we have L^^ L weakly and (since E(L^) ^ E(L)) 



^E(L. ) " ^E(L) 



weakly, nius, by the continuity of m# 



SO that 



^E(L) 



Since L € S was arbitrary, it follows that t is weakly risk averse. 

For the case in which f is weakly convex, the proof of the corresponding 
result is similar. Finally, if f is affine, it is both weakly concave and 
weakly convex, and the corresponding result follows from the two previous 
cases. 



In the usual eiqpected utility theory based on integrals, part (2) of Theorem 
11 follows imnediately from Jensen *s inequality (a, p. 47). However, in the 
more general measurable utility theory presented here, we do not know that ii 
can be esqpressed as an integral. In particular, Theorem 7 (p. 32) does not 
apply, since we are not assuming that S is a-convex. Our proof applies to 
such non-<r-convex lottery spaces as the space of all lotteries having a finite 
mean (which is, in a natural sense, the "largest" lottery space over Which 
risk aversion can be considered). 

Ttieorem ll raises the question of %#hether weak concavity of f inqplies weak 
risk aversion for t when t is not continuous. We now show that it does noti 
in fact, not even strong concavity of f would suffice. 

To prove our aueisertion, %ire consider once again the discontinuous preference 
orderings t^, and the corresponding discontinuous measurable utility functions 

(t e R), constructed earlier (pp. 42-44). Recall that each was 

constructed pjirtly from — and, in turn, meatsurahly induced — an arbitrarily 
given function, f , on R. In particular, we may suppose f to be strongly 
concave. Resuming the euisumptions and notation of that construction, we fix 
t e R and choose any I* e such that L(t) - 1/2 and E(L) » t (the c.d.f. of 

some uniform density centered at t will obviously do). Then, 



Q.E.D. 




- f(t). 



However, 




57 



62 



by the definition of a^. n\ue. 



> f(t) 



^ ^t ^E(L)' 



from %Aiich it f oilcan that is not ^akly risk averse. 

Theorem 11 establishes that, in measurable utility theory, as in the 
traditional eiqpected utility theory based on integrals, risk aversion implies 
concavity for SMSurably induced utility functions on R. in the latter 
theory, a von Neumann-^rgenstem utility function that is measurably induced 
by a weakly risk averse preference ordering must be weakly concave. Thus, in 
this case, the utility of a lottery is eiqpressed as a Stieltjes integral with 
a weakly concave integrand. However, the situation in measurable utility 
theory is more subtle: notwithstanding part (1) of Theorem !!# we will now 
construct a weakly risk averse preference ordering that, over all continuous 
lotteries corresponding to bounded random variables, is represented by an 
expected utility functional ^ihoam integrand is not concave. In fact, if, for 
some interval C^^b], we restrict the set of lotteries considered to those 
arising from random variidt>les taking values only in C&'b], then we can even 
specify the integrand to be strongly convex. 

To accooplish the construction, put « H, let be the set of all 
continuous lotteries that arise from bounded random variables ( note that is 
convex), and let T be the convex hull of ^ '''2* weakly concave 

function us R define a measurable utility function 



by 



^^^(L) - J UdL (L € T^). 

Let II be any neasurabl* utility function on T satisfying the following 
property ( ••Property P** ) t 

For each M e T^, uj^E(M)J > pi^iH). 

(We give exainples in the next paragraf^. ) Finally, define a measurable 
utility function, on T by 

m[xL 4. (1-X)m] « X#i^(L) 4" (l-X)ii^(H) (X € [0,1], L € T^, M € T^); 
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this teflnition is justified by a previous rssult on ths uniqusnsss of lottery 
dscoppositions (ses p. 49). Ihsn, fi is weakly risk averse. In fact, suppose 
a € T, and note tl^at there exist X € [0,1], l € T . and M € T such that 

1 2 

H " XL 4^ (1-;0K. 

niue, by the %ieak concavity of u and Property P of ^ letting x be any 
randon variable whose c.d.f. is L, %^ have 

« u[\E(L) + (l-X)E(M)] 

> Xu[e(L)] + (1-X)u[e(M)] 

> Xu[e(X)] + (l-X)yi^(H) 

> XE(uOX) + (l-\)ii^(H) 

- XMj^(L) + (l-X)n^(H) 

- M(H). 

We now eidiibit a measurable utility function jt^ satisfying Property P and 

allowing on to be expressed as an integral of a nonconcave function. For 

this, let VI R -» R be amy continuous nonconcave function dominated by u — that 
is, for i^ich 

v(x) < u(x) 
for all X € R. Define ti^i ■» R by 

CO 

H.^(H) = J vdM (Me T^). 

-00 

Then, for each M e T^, letting Y be any random variable Whose c.d.f. is M and 
applying Jensen's Inequality, we obtain 

u[e(M)] « u[e(Y)] 
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> E(uOY) 



> S(VOY) 
- MM), 

8o that pt^ satisfies Property P. since /x(M) » i^^iH) for all M € T^, *i has the 

desired representation as am integral over T^. Alternatively, it is cleair 

thatr if ^ had defined as the set of all continuous lotteries that 2u:ise 

from random variables Whose values all lie in some specific interval C^^^]' 
and if we had required that u dominate v only over Isiih], then we could have 
chosen v to be strongly convex. 

S,3 ImpllcationB for Identifyiny and Modeling Risk Averaion 

To understand how the previous examples relate to the separate problems of 
identifying and modeling behavior in the presence of risk, consider first am 
investigator who wishes to construct an economic model involving risk averse 
behavior. Within the tradittonaV interpretation of esqpected utility theory, 
the investigator would, in effect, assume that measurable utility functions 
take the form of esqpected utility integrals, and he/r^he would adopt u concave 
von Ndimann-Morgenstem utility function as a **generator** of the risk 
behavior. This approach, however, ceurries the iiaplicit assuirption that the 
individuals under st idy have the same frames of reference toward certainty 
(degenerate lotteries) and **continuous uncertaiinty** (continuous lotteries), 
since the measurable utility of a lottery is determined, through the integral 
formula, by the utility values assigned to certeiinties * 

If, on the contraur/, the researcher does not wish to rule out a prU)rt the 
possibility of different frames of reference — the possibility that an 
individual's risk preferences for certainties may differ from his/her risk 
preferences for continuous lotteries, so that his/her risk preferences are 
discontinuous — ^then the assvmqption of concavity for v would not guarantee risk 
averse behavior. For, as our first exasple demonstrated, even a strongly 
concave utility function on R can be meau3urably induced by a preference 
ordering that is not risk averse. 

Our second exanqple, however, suggests that some risk averse preference 
orderings might manifest the illusion of being determined by a nonconcave — or 
even strongly convex — utility function on R. For, as we established in that 
exaiqple, preferences among certaiin continuous lotteries can be determined by 
such an '^apparent" utility function even when the full preference ordering is 
risk averse. In a work developed within the classical, expected utility 
framework, Hildreth and Knowles cite several empiricail studies (including 
their own) o^ individuals* risk preferences that produced appairently risk 
neutraa or risk loving responses (in effect, "nonconcavities" in the utility 
functions on R) in cases where one might expect the decisionmakers* true 
preferences to be risk averse (24, p. 33). They characterise these 
nonconcavities as inaccurate and suggest various possible e3q>lanations for 
their occurrence (see ailso 37). 

Hie theory that we have delineated here, however, provides am alternative 
hypothesis I the nonconcavities au:e legitimate; interpreted within the context 
of measurable utility theory, they do not contradict risk aversion. Rather, 
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the rvBpontents in th« studlM, «hil« being riOc averse, may have had 
discontinuous, "two-rule" type Masurable utility functions (reflecting 
dichotonous behavior toward certainty and "continuous uncertainty"), and they 
may have responded to sons queries in the studies as though using their 
"continuous uncertainty" rule ((i^, in the notation of our second wa^le, with 

v nonconcave) rather than their "certainty" rule di^, with u necessarily 

concave), of course, %#e can only assert here that this hypothesis is a 
logical possibility; the determination of its esplrical applicability is 
beyond the scope of this report. 
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6 EOONOKIC APPLICATIONS 



We now reGonsl<^er and generalise t%io economic modele of behavior under risk 
presented by Rothschild and Stiglits (38). The fij.st of these models concerns 
production with an uncertain output price, while the second involves saving 
with an uncertain interest rate* Rothschild ar^d Stiglits assume that an 
economic agent conpares lotteries oa the basis of their expected utilities i in 
our approach, an economic agent oonpares lotteries according to their 
mmoBurablm utilities. We will find that, if the marginal utility of money is 
greater under certainty than under "continuous uncertainty" (the meaning of 
this distinction will become clear shortly), then (under additional routine 
assumptions) the optimal production level and the optimal saving rate will be 
lower than the respective solutions of the expected utility models. No 
assumption of risk aversion is required. 

6.1 Optimal Production ravels Dnd er Price Uncertalntv 

we now consider a model of production with uncertain output price in which the 
producer is assumed to be endowed with a "two-rule" measurable utility 
function that allows, but does not require, hii^/her to use one preference rule 
for choosing among certainties and another for choosing among continuous 
lotteries. As we have seen, this assumption is cocopatible with measurable 
utility theory. (In this connection, recall our observation (p. 29) that the 
values of a measurable ut.llity function at siiqple lotteries are determined by 
its values at certainties. ) We will examine first- and second<-order 
conditions and obtain an es^licit solution of the former that expresses output 
in terms of tne two preference rules and certain features of the price 
variable. We will find that, in the two*rule case, the producer will 
generally choose a utility-maximizing output level different from the one 
he/she vpould choose if following a more restrictive expected utility- 
maximising approach. In particular, if the producer's marginal utility of 
money is greater under certainty than under "continuous uncertainty" and both 
the esqpected utility and measurable utility models have interior solutions^ 
then the latter model will generate a lower optimal production level than the 
fozmer. Furthermore, it is possible to have a zero production level and a 
positive production level that are simultaneoualy optimal. A particular 
pricing situation to which the analysis applies is that of a random price that 
is truncated below through the introduction of a "support price," as with 
agricultural commodities. 

To set the stage for the analysis, let p (output price) be a bounded random 
variable on a probability space (n, B, P) and C: C0,oo) R (the cost function) 
a function such that C"(Q) > o whenever Q > 0. ibr each Q > 0, define a 
random variable 7r(p,Q) (profit) by 

Tr(P,Q) « PQ - C(Q). 

We will use the convention that, whenever X is a random vairiable, its c.d.f . 
is denoted F^. (Note that, in the special cause in which X is constant, F^ is 

merely a degenerate lottery as defined earlier. ) we assume the producer has a 

measurable utility function, |x, defined at each profit lottery F , . (Q > 0) 

tr(p,Q) 

and at each degenerate lottery F^ (t € R); of course, represents "money 
amount t with certainty." More specif icaaiy, and in the spirit of endowing m 
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with a two-rule form that generaaizes the esqpocted utility approach, we 
•uPPOM that, for each lottery L for which the following integrals exist, we 
have 

Gd €9 

M(L) « J u^d[tr^(L)] f J u^d [[n^+rr^KL)) , 

-00 -00 

where the functions 

ir^i S S (i - 1,2, 3i s the set of all s.d.f^'s) 

(not to be confused with profits) ^cce projection operators of the type 
descriljed on pp. 24-25 (so that Tr^(L) and [n^-Hr^KL) are the discrete and 

continvious ••parts'* of L, respectively) and u^,U2: R R are functions for 

which u£{t) > 0, u^(t) > 0, u£(t) < 0, and u2(t) < 0 for all t e P. As 

indicated, the domain of m ie taken to ^ b the set of all lotteries L for which 
the integrals are finite* Otiis set is clearly convex, and it contains each 
degenerate lottery and, since p is bounded, each Tr(p,Q) (Q > 0). Finailly, we 
assune that p, u^, u^, and C axe sufficiently "nicely behaved** to permit 

repeated differentiation under the stieltjes integral sign (see 33, p« 409). 

Me wish to determine maxima Q > 0 of ii(F n\)^ examining first- and 

^(P#Q ) 

second-^rder conditions* However, obtaining these conditions is n^t quite 

straightforward, as the Stieltjes integrals in the definition of p F ^ ^v) do 

' tT(p,Q) 

not display Q (with respect to which we are to differentiate) very ei^plicitly* 

We need to rewrite these integrails as Lebeague integrals with random-variable 

integrands that display Q as a paraiuBter. This change of form will allow 

differentiation under the integral signs. Moreover, in conformity with the 

••two-rule" form of ii, we wish these random variables to correspond, 

respectively, to the discrete and continuous lotteries that appear in the 

canonical convex decomposition of F (see Proposition 3, p. 22). Thus, 

^(P#B ) 

we need to determine this decoinposition of F . . we will do so in a way 

^(P#Q) 

that esqplicitly relates the constituents of the decomposition to p, C, and Q. 
To begin, observe that, for any Q > 0, t € R, we have 



« Fp[(t+C(Q))/Q]. 

alius, 

HPiQ) P 1 ^«''^«J' 

where I is the identity function on R and, as usuaLL, "o** denotes coo^sition 
of functions. By means of this formula, we may use the cemonical convex 
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deco«ipo«ition of r to obtain that f or r ^ How, put 



and 



A - {r € R I P(p~^{r}) > 0}, 

- U p~\r}, 
r€A 



«2 - 



(where V" denotes the eet-theoretic complement), then, A :«8 at most 
countable, and O^^Oj ^ ®* Consider first the case in which i> is a "proper 

mixture** of a discrete lottery and a continuous lottery, tha<. is, the case in 
Which P(nj^) > 0 and P(Q^) > o. Let (n^^^Bj^^Pj^), (^^2'®2'^2^ ^ conditional 
probability spaces induced by (n,B,P; on the events n^^, n^, respectively, and 
define restricted mappings 



P, - P|n^ 



and 



P2 - P|"2- 

Clearly, p amd p ar« (bounded) rando« variables on (n,,8, ) and 

* ^ 111 

^^2'®2'^2^' Suspect ively. Furthermore, it can be shoim without much 
difficulty that p^ is discrete, p^ is continuous, and 

Consider next the case in which p is itself discrete. Then P(n^) - 1 and 
^(n^) ^ 0, ard by choosing p^^ « p and p^ to be any (bounded) contxnuous random 
variable, we can still assert 

Thxs formula likewise holds if p is continuous, for then P(n^) « 0 and 

^(n^) • J# and we need only choose P^ • P ^ l«t p^ be any (bounded) discrete 

random variable. Thus, in all cases, if Q > 0, we can assert that 

1 2 
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SO that 



-00 

« P( )E [u^o( p^Q-c( Q ) )] P( )E ^u^o( p^Q^( Q ) )] . 

It follows (see 33, p. 409) that, for any Q > 0, 

Ch(p^^P . - P<n^)£[[u-o(p^Q^(Q))][p^^*(Q)]] 

+ P(n2)E[[u^o(p^Q-C(Q))][p2-C'(Q)]], 



while 



Cm(F^^P^ ^ j)]-(Q) - P(n^)E[[uJo(p^Q^(Q))][p^^«(Q)]^ 

+ [u^o<PlQ-c<Q)))[^-<Q)]] 



< 0 



by virtue of our assumptions about the signs of the various derivatives* 

Thus, |i(r . v) (0#od) can have at most one maxinrjm and iii^.^ .) can have at 
^(P# ' ) I "\P# • ; 

most two. Any naxinum, Q*, of lii^^,^ .) »ust satisfy either 

"V P# ' ) 

Q* « 0 ( ••nonproduction- ) (1) 



or 



Q* > 0 and CM<F^^p^, j)l'<Q*> - 0. (2) 



However, although condition (2) is sufficient to ensure that Q* is a maximum 

of u(F . v) (0,oa), it is not generally sufficient to ensure that Q* is a 
^(P# • ) I 



maxinw of M(l^|^p^ . )>• To find a Mximun of M(F^(p^ Wiien there is a e R 
Mttie£7iii9 condition (2), one neede to compare ii(r . ^^^) with 

« u^[-<:(0)]. 

The latter, of ooiiree, is the fi-utility of fixed costs. Thus, in the two-rule 
nodel, even if p i« continucus (so that all profit random variables associated 
with positive producticm levels are continuous), there is always at least one 
profit lottery, representing fiioed costs, whose utility must be determined 
from ratheT: than from u^. 

How, condition (2) holds ior Q > 0 if and only if 

- P(n^)F;[[u'o(p^Q-c(Q))]pJ - P(n^)c'(Q)ECu^o(P^Q-c(ft))] 

- P(o^)A^(Q) - P(n^)c*(Q)B^(Q) + vin^)K^iQ) - P(n2)c (Q)B2(Q) 

^Amv, for given Uj^, u^, Pj* and C, the functic.is Aj^.A^'B^/Bj: (0,oo) -» R 
are defined in the obvious manner. Jbeerve that, since ln(F , , )1" is 
negative throughout (0,»), luiT^^^ ,^)]' is decreasing and thus invertible. 
Acoord.ingly, vhen condition (2) is satisfied, its unique solution is 

Q - CP(n^)\-P(n^)C'B^+p(n2)A2-P(n2)c'B2]"\o). 

I*t us ocaipac* this solution with the one that arises under clajsicaa expected 
utility theory (3§). we assuM (n,B,P), p, c, tr(p,Q) (for any Q > o), and u^ 

are as in the preoeding discussion. Define a measurable utility function u by 
the "expected utility rule 

OP 

^^CL) - J Uj^dL 

-00 

for eabh lottery u for irtiich the right-hand side exists (the set of all such L 
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is oonvm)* Vh^n, £or all Q > 0, 

C*i(F^^p^^)]'(Q) « E[[u^o(pg-c(q))][p-C'(Q)]], 



and 



C*i(F^^p .))3"(Q) « e[[u^O(pq-c(Q))][p-C*(Q))^ 

+ [u'0(pQ^(Q))][-C-(Q)]] 



< 0. 



nius, ^^^n(p )^ maxisaim, and Q* e CO,fo) is a M^H^f^ffn j,f and 

only if either 

Q* - 0 and C*i(F^^p^^)]'(Q*) < 0 (!•) 



or 

Q* > 0 and C*i(F^^p^^)]'(Q*) - 0. (2) 
Of oourae, {!• ) amounts to the condition 

e[u^(-C(0))[p-C«(0))] < 0, 

itfhich reduces to 

E(p) < C'(0). 

This is a sufficient conditio., for 0 to be a maximum (that is, for 
nonpxoduction to be optimal) in the present case, but not in the two-rule 
case. Likewise, condition (2) guarantees a maximum in the present case, but 
not in the two-rule case. 

Now, in the erzpected utility model, %#e have, for each Q > 0 (using the same 
decooposition of P , ^. as before). 



00 



Q) 



00 



o 
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« P(n^)E[u^0(p^Q-C(Q))] + P(n2)E[u^o(p^Q-c(Q))], 

so that 

^^^^(P,0^^'^^^ " P(ni)E[[uiO(p^Q^(Q))]pJ 

- P(n^>c*(Q)E[u^o(p^QK:(Q))] 

+ P(ft2>2(K^<P2^-^<Q^>]*'2] 

- P(n2)C*(Q)E[u^o(P2Q-C(Q))] 
- P{n^)A^(Q) - P(0^)C-(Q)B^(Q) 

+ P(n2)A3(Q) - P(n2>C'(Q)B^(Q), 

inhere K^, are defined as before and (for given u^, p^, p^, and C) the 
functions A3,B3: (0,oo) R are defined in the obvious manner. Ihus, when 
condition (2) is satisfied in this nodel, its unique solution is 

Q - CP(n^>A^-P(n^)c-B^+p(n2)A3-p(n2)c'B3]""^o). 

It follows that the eiqpected v'.tility model and the two*rule model generally 
give rise to different optimal production decisions. In particular, if p is 
continuous, the solution of condition (2) is 

Q - CA3 - C'B^l^^O) 

in the esqpected utility model and 

Q « CA^ - C'B^r^O) 

in the two-rule model. In this case, the latter solution is obtained by 
substituting u^ for the von Heumann^lorgenstem utility function, u^, in the 

former. 

To conpare the models further, supfosc^ that each has an interior solution 
(that is, a solution of condition (2) that is optimal over C0,oo)) and that 
u£ > u^ cn R. (fniis inequality may be described heuristically as the 

aasunption that the marginal measurable util:^tT of money is greater under 
certainty than \mder -continuous uncertainty. ) Then, examining the 
expansions of M^^^^^^)]' (Which, we recall, are comprised of decreasing 

functions) in both models jointly with condition (2) reveals that the solution 
of the expected utility model must exic^red that of the two-rule model, nius, 
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in brief, Wh«n the marginal utility of money is greater under certainty than 
under continuous uncertainty in a tuo-rule model, maximising measurable 
utility leads to a lower o^imal production level than maximising esqpected 
utility. 

As an example of a situation when) the foregoing analysis can be applied and 
within %ihich a mixed-price lottery arises naturally, consider the introduction 
of a price support for an agricultural ccamK)dity* luisume (for siAjplicity) 
that the presupport price is a (bounded) continuous random variable, p^. 

Suppose that a support price, s c ft, is introduced, so that, in effect, p^ is 

truncated below at s, forming a new random price variable, p. we assume that 
P(Pq < s) > 0. Then, 



P - 



if < s 

if Pq > s. 



so that 



ro 



if t < 8 



Fp(t) « 




if t > s 



and (as is easy to show) 



where G is a continuous lottery defined by 



0 



if t < s 



G<t) - 



<^)-^o (8)]/Cl-P„ (8)] 



if t > 8. 




In this cause, we have 



P(n^) - P(Pq < 8), 



n%) - P(Pq > 9), 



r 




emd 



F 



- G. 
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Purtheznore, F (8) is merely the probability that the presupport price will 
*^0 

be equaled or exceeded by the support price. While G(t) is the conditional 
probability that the presupport price will lie at or below t if it exceeds the 
support price* Ttiese relationships help us interpret the expression for the 
optimal production level Q arrived at earlier. 

&a2 Optimal Saving Rat es Under Uncftrtainty 

We next investigate a model in which an individual who has different 
preference rules for certainty (degenerate lotteries) and '^continuous 
uncertainty" (continuous lotteries) must decide how much of his/her initial 
wealth > O to consume f : the current period and consequently how much to 

invest for consumption in the next period. We assume that the rate of return 
on saving is represented by a random vsuriable* We will examine first- and 
second-order conditions and show how a solution may be obtained, we will find 
that the possibility an individual may be indiff€<rent bet%#een (a) consuming 

entirely in period 1 and (b) investing a certain part of for later 

consumption cannot generally be ruled out. Finally, we will coiqpare our model 
with the es^ected utility version of (38), which ours generalises, and will 
find that the two models deterrine different solution values. In particular, 
%ihen the mairginal utility of money is greater under certainty than uzKler 
continuous uncertainty, the optimal saving rate will be lower than the rate 
obtained through traditional von Neumann-Morgenstem expected utility 
maximization. 

To begin, let r (the rate of return on investment) be a bounded, continuous 
random variable, and suppose that a saving rate of s € [0,1] generates a 
"certain" first-period consumption of ( 1-s )W^ and an "uncertain" second-period 

return of sw^r. The choice spaco over which the individual seeks to maximize 

his/her intertesnporal utility is 

(where, as earlier, "F^" denotes the c.d.f. of the random variable X). Note 

that this choice space consists not of lotteries but of ordered pairs of 

lotteries. However, the definitions presented in our discussion of the 

existonce of measurable utility functions (pp. 11-13) are sufficiently general 

to encoinpass "multidimensional lotteries" and "multidimensional utility"! for 

if S and T are any letter/ spaces such that S contains each F, 

(l-s)W^ 

(s € [0,1]) and T each F ^ (s € [0,1]), then the choice space %^ are 

sff^r 

considering is contained in the Ceirtesiaui product 

S X T, 

Which is a mixture space, (m fact, S x T c ♦ x where ♦ is the set of all 
functions from R into R. Since ♦ is a vector space over R, ♦ x ♦ is a vector 
space over R under the inherited operations of coordinate-^#i8e addition and 
scalau: multiplication. Since S x t is a convex iL^ubset of ♦ x has a 
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mixture-space structure. ) We iHll specify S and T, define a measurable 
utility function, on S x T,u^>nd assume that the individual seeks to find an 
element of the choice space that maximises ii over the choice space. 
Furthermore, follonring Rothschild and Stiglitz (38), we desire that iit (1) be 
additively separsbls bett^n periods, (2) discount period 2 utility, and <3> 
allow for different behavior toward certainty and ^'continuous uncertainty." 
(A full treatment of the economic in^lications of additive separability for 
measurable utility functions would take us beyond the bounds of our present 
purpose. Additive sepaurability in expected utility theory is discussed in 
Pollak (34). ) 

To guarantee these properties, let u^,U2^: R R be functions for which 

u£(t) < 0 and u'^it) < 0 for all t e R. (We also assume that u^, u^, and r are 

sufficiently "nicely behaved" to allow repeated differentiation under the 
Stieltjes integral sign (33, p. 409).) Define a measurable utility function 

Ti^: H R 

by 



CO 



Ti^(L) - J u^dL (L € H) 

-00 

and a measurable utility function 



Tl^. J - R 



by 

00 o 



n2(M) - (l-6)[ J u^dtr^(M) + J ^2^\.^2*^ ^U^)] (M e J), 

-00 -00 

where J is defined as the (convex) set of all lotteries M for vAiich the 
right -h2md side of the equation above is finite, the n. are the usual 

projection operators, and 6 e (0,1) is interpreted as the "pure rate of time 
discount of utility." Finally, define a measurable utility function, n, on 
H >« J by 

ji[(L,M)] - Tij^(L) + r]^iVl) [(L,M) e H x j] . 

Note that, since r is bounded, each (P., .F^ ^) (s e tO,l]) is in 

(1 Bjw^ sw^r 

Domain (n). Then, when a e (0,1], we have 
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-u^[(l-8)wj + (l-6)E[u20(8WQr)). 

While 8 « 0 iinplie8 



U^(Wq) + (1-6)U^(0), 



Thus, fi exhibit8 the de8ired propertie8 (1), (2), (3). 

For brevity, with fi, W^, and r under8tood, define C: [0,1] ■♦ R by 



0 0 

Then, if 8 € (0,1], vie have 



C'(8) « u^[(l-8)Wo](-Wo) + (l-6)E[[u^o(8W^r)]W^r] 



and 



ERLC 



« "i[(^-8)*'o)^"^0^^ ^ (l"6)E[[uJo(BWQr)]W^r^] 
< 0. 

Thus, (|(0,l] cam have at aiost one maxintum, emd ( can have at most two* Any 
maximum, s*, of C must satisfy either 

s* « 0 (no wealth saved), (1) 

s* - 1 (all wealth saved), (2) 

or 

0 < s* < 1 and {'(s*) « 0* (3) 

However, although condition (3) is sufficient to ensure that s* is a maximum 
of (|(0,1], it is not generally sufficient to ensure that s* is a maximum of 
To find a maximum of ( when there is em s* € R satisfying condition (3), 



one would nMd to oompatre C(»*) with C(0). N6te that C(0) is the ^-utility 
•»0ociated with -no wwilth sav^l;" it depends on u^, whereas €(s*) depends on 

How, condition (3) holds for s € (0,1) if and only if 

O - -«i[(l-»)WQ] ^ (l-6)E[[u'0(8W^r)]r] 
» A(8) ^ il-B)B^iB) 

where, for given u^^, u^, W^, r, and 6, the functions A,B2: [0,1] R are 
defined in the obvious manner. However, since A' and are everywhere 
negative, A ^ (1--6)B2 is decreasing and thus invertible. Accordingly, if 
condition (3) holds, its unique solution is 

8 - [A ^ (l-6)B2r\o). 

Let us coii^>are these results with those of the classical nodel that portrays 
the individual as operating by means of a single, esqpected utility-type 
preference rule. We assume W^, r, u^, 6, and t)^ are as before. Define 

measurable utility functions 

r\^t J R 

and 

H X J - R 

by 

00 

n^CM) - (1-6) I u^dM (M e J) 

■-00 

and 

*a[(I-,M)] . ii^(L) ^ r)^(H) ((L,M) € H x J), 

where now J is defined as the set of all lotteries N for which the integral 
agppearing in the definition of t)^ is finite. Put 
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for •ach • c CO,l]« Vhmn, for each s € [0,1], 

€(») - "i[<l~»>*o] ^ (l-8)E[u^o(8W^r)], 



and 

t-(8) « u-[(l-8)wjwj + (l-8)E[[uJ^o(8W^r)]wJr^] 
< 0« 



alius, C has at womt one naximum, hence exactly one (since it is continuous on 
[0,1]). (Note Vhav, in the two-rule model, by contrast, t was not, in 
general, continuc'us at 0. ) Ho^eover, s* € [0,1] is the maxijnum if and only if 
either 

8* » 0 and €'(s*) < 0, (l') 
8* » 1 and CiB*) > 0, (2* ) 

or 

0 < 8* < 1 and €*(s*) 0. (3) 

Observe that condition ( 1 * ) xreduces to 

""i<^0> ^ (l-8)u^(0)E(r) < 0, 

that is (assuming u^(0) ^ 0), 

E(r) < Cl/(l-8)][uj^(WQ)/uj^(0)]. 

This inequality is a sufficient condition for 0 to be the maximum of C in the 
present model but not in the two-rule model* Likewise, condition (2* ) and 
condition (3) each guarantees a maximtmi in the present model, but not in the 
two-rule model. Hem, condition (3) holds for s € (0,1) if and only if 

-uj[[(l-s)wj 4- (l-8)E[[u^o(sw^r)]r] * o, 

which can be expressed as 

A(s) + (l--8)B^(8) - O, 

where At [0,1] R was defined previously and B^i [0,1] R is defined in the 
obvious mamner. However, since A' 4- (i-8)Bj^ is ever^nd^here negative. 
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h + (i~«)B^ is invsrtible. it follows that, if condition (3) holds, then its 
uniqus solution must be 

S = [A 4. {l-5)S^r^(0). 

y conclude that condition (3) generally has different solutions in the 
classical and tmfo-rule models* The soxction formulas differ in that the 
tiio-rule nodel replaces the classical model's von NeiuDBann--Morgenstem utility 
function, u^, in B^, with u^, reflecting the different treatment of 
uncerta'Uity in period 2. 

In particular, suppose each model has an interior solution (that is, a 
solution ot condition (3) that is optimal over CO^l]) and u£ > u^ on R (that 
is, -the marginal measurable utility of money is greater under certainty than 
under continuous uncertainty-). Then, examination of the expansions of « in 
both models jointly with condition (3) reveals that the expected utility model 
yields a higher optimal saving rate than the two-rule measurable utility 
model. 
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